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Abstract

Given an immersion of a circle in a punctured surface 3, we give an explicit (and finite)
computation of the A, .-algebra associated with this curve when viewed as an object in a
(relative) Fukaya category of ¥ in terms of the signed Gauss word recording the double points
in a traversal of the curve and the visible polygons that it bounds in X. We illustrate our
computational technique by fully determining the A..-products for immersions with up to
three self-intersections. In particular, it is proved that, over an algebraically closed field, all
associative algebras of dimension < 4, with one exception, can be realized as the (degree 0)
endomorphism algebra of some Lagrangian immersion of a circle equipped with a bounding
cochain computed in some relative Fukaya category F (X, D). We also note that any finite-
dimensional algebra with radical square zero arises as the (degree 0) endomorphism algebra
of an object in some Fukaya category F(X) of some punctured surface X.

Which finite-dimensional (ungraded) algebras over an algebraically closed field k& can be
realized as the endomorphism algebra End(L), in degree 0, of a compact Lagrangian L (possibly
equipped with a bounding cochain b) in a relative Fukaya category F (X, D) of a surface ¥ where
D is a divisor such that L ¢ ¥\ D?

In this paper, we show that all algebras of dimension < 4 can be realized with a unique
exception. We show this by studying immersions of a circle with fewer than 4 self-intersections.
Any immersed curve v : S — L C X determines a smallest surface Y., the tubular neighborhood
of L, and the endomorphism algebra of L in F(X,) is the most degenerate unital algebra

Ag ~ Kz, ..,z 1] /(21 .. 2pq)?

of some rank r = 1 + #(nodes of L). We can deform this algebra in two ways:

(i) Partially compactifying the surface ¥, and considering L as an object of the relative
Fukaya category F(X, D) where ¥, =¥\ D,

(ii) Turning on deformations coming from bounding cochains b € Ext!(L, L).

In a Fukaya category, the algebra structure on End(L) is given by counting rigid holomorphic
triangles bounding L. Geometrically, (i) means that we count rigid holomorphic triangles passing
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through D (not just in ¥\ D), and (ii) means that we also count rigid holomorphic (k + 3)-
gons where k of the corners map to the bounding cochain b, which is just a collection of self-
intersection points on L.

We first classify the deformations given by (i) for low rank via case-by-case analysis. All
local algebras of rank 7 < 4 are given in the following list':

r=2:klz]/z*

r=3:klz,yl/(x,y)% klz] /2

r=4:k[z,y, 2]/ (x,y,2)° k[z]/2* Kz, y]/ (@, 2y, 0°), k{z, y} (2%, 47, 2y — qua),
k{,y}/(@® + ya,y?, ay + yz)

The deformations from (i) allow us to realize all of these except the last one. Note that the
algebras A, = k{z,y}/(2% 4 2y — qyz) depend on a parameter ¢ € k (moduli), and provide
an infinite family of pairwise non-isomorphic 4-dimensional algebras with the exception that
Ag > Ayjq for ¢ # 0. Tt is necessary to work with relative Fukaya categories in order to be able
to realize algebras that have moduli.

In this paper, we work with Z-graded relative Fukaya categories of surfaces. Hence, our
surfaces are implicitly equipped with a line field 7 (see Section 1 [13]) and L has winding
number zero with respect to 1. In considering relative Fukaya categories, we are only interested
in compactifications where 1 extends. We allow Z/2Z-orbifold compactifications since these are
the only orbifold compactifications over which n may extend.

Some non-local algebras (containing non-trivial idempotents) also arise from (i), but to
realize all non-local algebras (see Section 1 for a list), we next turn on deformations of type
(ii). We first give an explicit computation of deformations of type (ii) only, staying within ¥,
but for arbitrary rank r and arbitrary bounding cochain b. To do this, we provide a complete
calculation of the A,.-algebra

hom(L, L)

computed in F(X,). The result is given as a strictly unital minimal A,-algebra with only finitely
many products and m; % 0 only for ¢ = 2,3 computed from a signed Gauss word describing the
immersion (see Definition 3). These A, algebras are quite easy to manipulate combinatorially.
We deduce easily that the endomorphism algebras of (L,b) € F(3,) correspond exactly to
finite-dimensional radical square zero algebras (see Proposition 6).

Next, we combine both (i) and (ii) to realize many finite-dimensional algebras. Generally,
arbitrary combinations of such deformations will cause the rank of End(L) to drop. Requiring the
rank to stay constant is the flatness condition. We study possible deformations of A, coming
from combinations of (i) and (ii), and impose the flatness condition to obtain various finite-
dimensional algebras. On the other hand, as we explain in Section 1, the varieties of associative
algebras, Alg,, of low rank r have been studied classically. It is rather amusing to contemplate
parts of mathematics that cast their shadows on the irreducible components of these varieties.

'Throughout, k[...] is the free commutative algebra, and k{...} is the free associative algebra.



Theorem 1. Let k be an algebraically closed field. For every r-dimensional algebra A over k with
r < 4, except k{x,y} /(x> +yz,y?, 2y+yx), there exists a Lagrangian immersion~y : St — L C X
equipped with a bounding cochain b, giving an object of a relative Fukaya category F (X, D) for
some surface ¥ and a divisor D such that End(L,b) is a flat family of r-dimensional algebras
realizing a flat deformation of Ae to A. In particular, a general member of this family gives an
object in a Fukaya category of a surface whose endomorphism algebra is isomorphic to A.

In fact, our computations are valid over an arbitrary coefficient ring k. For instance, any
commutative ring that is free of rank 2 or 3 as a Z-module and all quaternion algebras over Q
are realized as endomorphism algebras. However, we have not systematically investigated the
realization problem over non-closed fields.

The algebra J = k{z,y}/(2? + yx,y?, vy + yx) is the quadratic dual of the Jordan quantum
plane k{u,v}/(uv — vu + u?) with |u| = |v| = 1. The latter can be realized as a twisted
homogeneous co-ordinate ring on P! ([24]). We also remark that J is the limit of the family
Jy = k{z,y}/(2? + yx,y?, vy — qyz) as ¢ — —1. The change of basis (z,y) — ((¢+ 1)z + v, y)
shows that J, is isomorphic to A, = k{z,y}/(2%, y?, 2y — qyx) for ¢ # —1 which, as we shall see,
can be realized as the endomorphism algebra of a Lagrangian immersion in a relative Fukaya
category of a surface. Our limited efforts did not lead to a construction of the limiting algebra J.
So, we leave this as a question for the enthusiasts: Can the algebra k{z, y} /(2% +yzx,y?, zy+yx)
be realized as an endomorphism algebra of an object in a Fukaya category of a surface?

We end the introduction by displaying the champions of the realizability problem for rank
4. These two immersed curves equipped with various bounding cochains and put into various
punctured surfaces cover almost all of the rank 4 algebras.

©® e

1 Moduli of associative algebras

Let &k be a field. One would like to study the set of all non-isomorphic associative algebras over
k. However, this set does not have a reasonable algebraic structure. To overcome this difficulty,
we instead consider algebras with a fixed basis. Thus, let V' be an r-dimensional vector space
over k with a fixed basis zg,x1,...,z,—1. To make V into an associative k-algebra with unit x,
we need to give structure constants c?j € k satisfying

r—1
i — h
xz.%'] — C”.%'h
h=0

such that
r—1

h m h my __
E (Cijchl - lecm) =0
h=0



for all ¢, 7,1, m, and

; ; 0, i#j
Cg)i - CZ’O - {1 ; i ;
9

We obtain a closed subvariety of k:r(r_l)Q, called the variety of unital associative algebras Alg,
which comes with a natural (left) action of the parabolic subgroup G, C GL,(k) of invertible
matrices whose first column is (1,0,...,0)!, acting by a change of basis that preserves the unit
xg. The orbits of this action are in one-to-one correspondence with isomorphism classes of -
dimensional associative algebras with unit. We note that the dimension of G, is r? — 7, and the
stabilizer of the orbit of an algebra A is Autg(A), the group of k-algebra automorphisms of A.

The variety Alg, is connected. In fact, any associative algebra structure on an r-dimensional
vector space with unit may be degenerated to

Ag ZE[zy, ...,z 1]/(x1, .. 2pq)?
To see this, given an arbitrary associative algebra with basis 1,z1,...,2,_1 and ¢ € k*, we can
define a new basis 1,txy,...,tx,—1. Then, the structure coefficients change as c% — tzc%, and

c?j — tc?j for 4,4, h # 0.

If the G,-orbit of an algebra Ag is contained in the Zariski closure of the G,-orbit of an
algebra Ai, we say that A; is a deformation of Agy. In this way, one has a partial order on the
set, of isomorphism classes of k-algebras of dimension 7.

Example 2. Every 2-dimensional unital k-algebra A can be written as A = k-1 & k - x with
multiplication determined by

z? = s+ tx, s,t € k.

so the space of algebra structures is the affine plane Alg, = Ai with coordinates (s,t). Change
of basis preserving the unit is given by x — 2/ = a+ Sz for 8 # 0, corresponding to the subgroup

G:{<é g) :Bekx} C GLy(k).

Under this transformation the parameters change as

t' =2a + ft,

s = B%s — aft — o?.

The discriminant A = 2 + 4s satisfies A’ = 2A. Up to isomorphism (assuming char(k) # 2)
there are three types: (1) A = 0: A = k[]/(¢?) (the dual numbers), (2) A # 0 and A is a square
in k: A=k x k (the split semisimple algebra), (3) A non-square in k: A = k(v/A) (a quadratic
field extension of k).



1.1 Classification in low rank

For k algebraically closed, Gabriel [10] describes all the irreducible components and the orbit
decomposition of Algs and Alg,. We note that Gabriel uses a slightly different definition where
one simply requires that an identity element exists, rather than fixing one. However, it is easy
to see that the degeneration picture associated with orbit closures remains the same.

As we have seen in Example 2, for » = 2, there is only one irreducible component and the
algebra A = k[z]/2? corresponding to the closed orbit deforms to the algebra k x k in the open
orbit.

For r = 3, there are two irreducible components (of dimensions 6 and 4): the closure of the
orbit of £ x k x k and the closure of the orbit of the path algebra of the As-quiver, o — o .
Both components are smooth, in fact, isomorphic to A% and A*, respectively (see [11]). The
partial order induced by orbit closures is described by the following diagram (reproduced from
[10], see also [11]). We also included the dimension of the orbit of each isomorphism type.

kxkxk 6

k x k[z]/(z?) 5

« e Klzl/(2?) 4
Kz, y]/(2,y)? 2

We next turn our attention to 4-dimensional algebras. Gabriel [10] announces (a detailed
modern proof appears in [8]) that there are 19 classes of unital associative algebras of rank 4 (18
isomorphism types and 1 continuous family), and there are 5 irreducible components of Alg,.
Four of these are the orbit closures of the following rigid algebras.

(i) k x k x k x k, orbit dimension 12.

(i) Ma(k), 2-by-2 matrices, orbit dimension 9 (isomorphic to A, see [22] Ch. 5).
(iii) &k x ( e« — e ), orbit dimension 10.
(iv) e —X e Kronecker quiver, orbit dimension 6 (smooth component).

The remaining irreducible component has a Zariski open subset that is a union of the orbits
(each of dimension 8) of the following continuous family of algebras:

Ay = k{x,y}/(z* v*, vy — quz) for ¢ # —1 (Ag = Ayyq for g #0),
J =Kz, y}/(@® + yz,y% 2y + yx).

Let J, = k{z,y}/(z* + yx,y? 2y — quyx). Then the change of basis (z,y) — ((¢ + 1)z + y,y)
shows that J, is isomorphic to A, for ¢ # —1. However, A, and J; limit to non-isomorphic
algebras as ¢ — —1.



The Hasse diagram of deformations of 4-dimensional algebras is as follows (reproduced from
[10] 2). We highlighted various irreducible components in different colors (overlapping parts are
arbitrary). We also indicated the dimension of the orbit of each isomorphism type.

kxkxkxk 12

|

kxkxk[z]/z2 11

— |

Ex(e—0) k[z]/x% xk[y]/y> kxk[z]/z> 10
/ ;\\\\ \L
4 N
My (k) Ce—e e e k[z]/x* 9
J/ \\\4 /// l
e e J<z---- Aq \AO *********** [90 y}/(ﬂc,y) kxk[z,y]/(x,y)Q 8
k[z,y]/(x3, zy, y?) 7
k{z,y}/(2?, y? xy + yx) / 6
klz,y, 2]/ (z,y, 2 3

Finally, we remark that for » = 5 Mazzola showed that Algs has 10 irreducible components,
9 of which are orbit closures of rigid algebras. There are 54 discrete isomorphism classes, and 5
one-parameter families of classes. We refer to [16] for a detailed description.

For more on Alg,, one can begin with [10], [11], [23], [18], [8].

In op. cit. the arrow from k x (o — o ) to k x k[z,y]/(z,y)? seems to be omitted.



2 Immersed Lagrangians

An A-algebra over a commutative ring k is a Z-graded k-module with a collection of k-linear
maps m; : /% — o/[2 —i] for i > 1, where 7|2 — i] means that m; lowers the degree by i — 2,
satisfying the A,.-relations:

D o (=n)latte el Sim, (@, e W@, - ag1), a5, a1) = 0,
Jk

Given an immersed Lagrangian L with r — 1 transverse double points with brane data (orienta-
tion, spin structure, local system, ...) on a symplectic surface ¥, Fukaya’s construction gives an
Axo-algebra (@7, {m;}i>1) (see [1], [2]). If the surface is non-compact, the symplectic form on 3
is exact, and we can work with the exact Fukaya category as defined in [19]. By construction,
277, is linear over a coefficient ring k& which can be taken to be arbitrary in the exact setting.
The underlying complex is the Floer cochain complex given by

r—1
hom(L, L) = @k'wi @k - w;
i=0

where for ¢ # 0, the pair {w;,w;} are associated with a self-intersection point of L, and the
generators wyg = e in degree 0 and wy = € in degree 1 are associated to the minimum and
maximum of a Morse function chosen on the domain of the Lagrangian immersion. By choosing
a line field n on ¥ which has winding number zero over L, we can equip hom(L,L) with a
Z-grading. By construction, the degrees of w; and w; satisfy

\wi] + ’71)%| =1.

Let v : S' — ¥ be an immersion with double points {z1,...,z,}. For each z;, let its
preimages be t1,ty € S*. If (§(t1),5(t2)) is positively oriented, then we put z; at 1 and z;
at t. We pick a starting point and go around the S! recording the double points x;t and
obtain a (cyclic) sequence of signed letters called the signed Gauss word. Each crossing appears
exactly twice: once positively and once negatively. Two words are equivalent if they differ by
(1) permuting the labels of the crossings, (2) changing all the exponents simultaneously to the
opposite sign, (3) cyclically permuting the sequence, (4) reversing the sequence. Thus, a Gauss
word can be thought of as an element of the symmetric group &9, and the equivalence classes
of Gauss words correspond to double cosets

(Gn X ZZ)\62n/D4n
where &,, X Zs acts on the crossings by relabelling or changing overall sign, and Dy, dihedral

subgroup of order 4n, acts on the domain S*'. Using this description, we can easily compute the
number of Gauss words for small n. This is given in the following table:



Table 1: Classification of signed Gauss words with n < 3

n | Total | Representative | Genus | J components

1 1 171~ 0 (1,1,2)

2 3 17272%1~ 0 (1,1,2,4)
1t2+t271~ 0 (1,1,3,3)
1727172~ 1 (2,6)

3 12 17273737271~ 0 (1,1,2,2,6)
17273737271~ 0 (1,1,2,3,5)
17272737371~ 0 (1,1,1,4,5)
172t3+t37 271~ 0 (1,1,3,3,4)
17273717273~ 0 (2,2,2,3,3)
17172727373~ 0 (1,1,1,3,6)
17273717273~ 1 (2,4,6)
1t2+3-3+t172~ 1 (1,4,7)
1t2t1-37372~ 1 (1,2,9)
172T3+t37172~ 1 (1,3,8)
1t2t37173T2~ 1 (2,3,7)
17273717372~ 2 (12)

Each signed Gauss word determines a unique compact surface ¥ and an immersion v : S' —
L C ¥ which it fills. This means that ¥\ L is a union of disks (see [9],[6]). Therefore, one can
define the genus of a Gauss word. From now on, we will always consider immersions in such
surfaces, and we will write X, for the “tubular” neighborhood of L in such a surface 3. The
number of equivalence classes of signed Gauss words for a small number of double points with
respect to the genus is given in the table below (reproduced from [5]). We also recommend [3]

for beautiful tables of planar curves.

Definition 3. Given a signed Gauss word L on the letters {wy, ...,
(strictly unital, minimal) Ao-structure with m; # 0 only for ¢ = 2,3 on the free abelian group

where grading is given by any assignments |w;|, |@w;| € Z such that |w;| + |w;| = 1.

) 9101 1] 2| 3]|4]TOTAL
1 |1]0] 01010 1
2 |2 1010710 3
3 6] 5 | 1]00] 12
4 [19] 45 |22 |0 0| 86
5 |76 ]335 | 427 | 56| 0| 894

r—1

o, = @Zwi P Zw;

=0

wy—1}, we define a Z-graded



Fori=0,...,r — 1, we have

mo (Wi, w;) = wWo = (—1)1 P my (wy, ;)
Foreachi=1,...,r — 1, we have
mg (w;, wi, ;) = (—1)"
m3(w;, w;, Wo) = —Wo
ms (w;, w;, Wo) = —(—1)"ilwg
For each subinterval of the form wf e w;f, we have
m3( 7]7wl7wi) = (_1)|qji|wj
g (wi, i, wy) = (—1) 7l

T+

For each subinterval of the form w; . Swy, we have

mg(wj, Wi, w;) = wj

mg @y, wi, ;) = (—1)1"ilw;

Remark 4. In Definition 3, we defined a Z-graded A algebra for any choice of |w;| € Z for
i=1,...,7—1. Any choice is allowed and corresponds to all possible line fields 1 on the tubular
neighborhood 3 of L which make L gradable. In this paper, we will mostly work with grading

structures with |w;| € {0,1}.

Proposition 5. 7], is a strictly unital, minimal A -algebra, that is, the following equations

hold:

my(z, ma(y, 2)) — (—1)Fma(ma(2,y),2) = 0

1)/lmy(ms (2, y, 2), u) + ma(z, ms(y, 2,u)) = 0

(

m3(x y7m2(z u)) ( 1)‘“|m3(3:,m2(y, Z)?“) + (_1)|Z|+|u|m3(m2(xay)7Zvu)
- (=
(

ms(z,y, ms(z,u,v)) — (—=D)"Mms(z, ma(y, z,u), v) + (=D H s (ms (2, y, 2),

u,v) =0



Proof. By the strict unitality constraints ma(wp, z) = (—1)1*lz and my(z,wo) = z, and because
m,, identically vanishes if wg is among its inputs for n > 3, any relation containing wq trivially
reduces to a lower-arity relation. Thus, we assume all inputs belong to the set of non-unit
generators {w;, w;, wo}.

Excluding wp, the only non-zero my products occur on matching pairs {w;, w;}, which eval-
uate to +wy. Because wy strictly annihilates all non-wg generators under mo, any sequence of
two nested mo operations evaluates identically to zero. Thus, the first equation holds.

An inspection of Definition 3 reveals that mg operations simply codify rules for how a match-
ing pair (a,b) “absorbs” an adjacent third element c¢. Notice that a specifically ordered matching
pair (a, b) corresponds to exactly one signed letter in the Gauss word (e.g., (w;, w;) identifies 7T,
while (w;, w;) identifies 7). Let ma(a,b) = ewy. For any element ¢, the rules universally yield:

Right Absorption: mz(a,b,c) = e(—1)Ile  (or zero, depending on the Gauss word)
Left Absorption: ms(c,a,b) = ec  (or zero, depending on the Gauss word)

Because wy is only permitted as the third argument of mg, the second equation from the state-
ment reduces to:

my(z,y, ma(z,u)) — (1) my(ms(z, y, 2), u) + ma(z, ms(y, z,u)) =0

For the first term to be non-zero, both (z,y) and (z,u) must be matching pairs. Let mo(x,y) =
eqwp and mo(z,u) = ewp. Applying Right Absorption, the first term is mg(x,y, eawg) =
—€1€2W0.

Each signed letter appears exactly once in the Gauss word. Therefore, the specific signed
letter corresponding to (x,y) must appear either strictly before or strictly after the signed letter
for (z,u).

(z,y) precedes (z,u).

The third term vanishes because (z,u) is forbidden from Left-Absorbing y. As (x,y) is
permitted to Right-Absorb z, the second term evaluates to

—(=D)"my (e (—=1)F1z,u) = —(=1)"H e my (2, w).
Since |z| 4 |u| = 1, this becomes €1 €210, identically canceling the first term.

(x,y) follows (z,u).

The second term vanishes because (x,y) cannot Right-Absorb z. As (z,u) Left-Absorbs y,
the third term evaluates to ma(z, e2y) = eamo(x,y) = +e€1€2ty, again identically canceling the
first term.

If the first term vanishes, in a similar way, the remaining terms can only be non-zero when the
inputs form interleaved matching pairs - such as (y, z) and (z,u) - whose evaluations identically
cancel each other out via the Left and Right absorption rules. Thus, the second equation holds.

10



A non-zero nested mg evaluation requires exactly two matching pairs (x,y) and (z,u) acting
on a singleton v. Let their evaluation signs be €1 and e5. The first term applies Right Absorption
twice: mz(z,y, e2(—1)1"v) = e1ea(—1)2ly = 41690,

(z,y) precedes (z,u).

The second term vanishes. The third term applies Right Absorption twice, yielding
(=Dl mg ey (=1) Pz w, 0) = (1)l e (1) Ty,

Because |u| 4+ |z| = 1 and 2|v| is an even integer, this evaluates to —ejeqv, canceling the first
term.

(z,y) follows (z,u).

The third term vanishes. The second term evaluates to
_(_1)‘1)‘“13(53;623/,@) = _(_1)|U|€2(61(_1)‘v‘v) = —€1€20,

again canceling the first term.

Symmetric cancellations govern the two alternate configurations in a similar fashion: the
adjacency requirements of the matching pairs guarantee that at least one term trivially vanishes,
while any surviving non-zero evaluations mutually cancel. The third equation follows. O

Definition 3 is actually the result of a computation of the A algebra hom(L, L) in F(3)
obtained by taking successive push-offs of L. To understand this, the reader should examine
the following figure for the Gauss word 172737172731 and look for triangles and rectangles
contributing to the product.

11



We give a list of all the polygons that appear in such pictures.

w; wo  W; Wo Wo w;  Wo w; W, w; Wy Wy
Vi Vi \ \ Vi \
\\/ \‘/ \,/ \l/ \\/ \l/
w; W; w; W; Wo Wo
+ —_

w;" W
wj w; Wy W;
< <
Wi —<—w; W) ——— W
m3(wj7wi7wi) = (_l)lwllw m3(wi7wi7wj) = (_1)\w,;\+|w_7'\w,
+ +
w; W
W; w; wy w;
Y Y
Wi —p— W Wj —— Wy
mg (w;, w;, w;) = (—1)!"ila; mg (wy, @y, wy) = (=),
- +
w; W
W W; wW; w;
Y
N
Wy —— w; W5 ——Wj
mS(wjawiawi) = wj mg(wi,wi,wj) = (—1)|w1‘w~
w; W
w] Uji w; Ws
<
I~
w; ———w; w; —<—w;
m3(w;, Wi, w;) = w; m3 (W, wi, Wy) = (-Ulwﬂﬂ?j

W; W; W w; wj w;
2 Y 2
_ @o

N
W; ——— W;

ms (W, wi, w;) = (—1)1%lw;  mg(w;, @y, w0) = (—1) P HDlgy  mg(w;, wi, wo) = (—1)%0lwwg

12



Here is the general recipe to compute hom (L, L) for a general immersion v : S — L C X, that
gives a finitely computable A, structure. Firstly, one has to decide where to put the generators
wp, Wo. Then, we get a signed Gauss word using the orientation of L. Then, we get all the higher
products in 3, as in Definition 3. Next, we want to put in the disk regions that are bounding
L in 3. When we include those regions, L begins to bound immersed polygons (which are all
regular due to automatic transversality, [19, Lemma 13.2]). Note that there are obvious disks
coming from the components of ¥\ L, but the union of those might lead to even more polygons
bounding L. There are only finitely many such polygons (but we should not miss any!). Suppose

we have such a disk with corners (vg, vk—1,...,vp) in clockwise order. Then we get k + 1 higher
products
mk(vk,vk,l, e 1)1) = +17
mk<1)0,'l)k, ey 1)2) =+
Mg (Vg—1,Vk—2,...,%) = £Ty

If the disk has an edge passing through wy, wg in the counter-clockwise order, we get additional
contributions of the form:

Mp41 (Uk‘a Vk—15---, UO) = :l:w(]
Mg 1(Vk—1,---,v0,Wo) = £y,
M1 (Wo, Vg, - - ., V1) = E£Tg
and
My 2(Vk, Vk—1, - - -, V0, Wo) = Fwo

The signs are determined as in [20, Figure 2].

Finally, if we desire to end up with finitely many higher products, it is important to choose
the placement of {wq, wp} so that there are no disks with an edge passing through wg, wp in the
counter-clockwise order. Otherwise, we get infinitely many higher products, though there is still
an easy combinatorial pattern for these.

Let us recall that, given an A.-algebra o/, a bounding cochain b € &/ is a degree 1 element
that satisfies the Maurer-Cartan equation:

ml(b) —i—mg(b,b) +...=0
Given a bounding cochain, we can define a deformed A, algebra

mf (03, vic1, .- ,v1) = > my(b,...,b,vi, b, b0y, b, . b v b, b)

J=i

13



Our goal is to compute the Ay, algebra &/ = hom(L, L) for various immersed Lagrangians
L. Furthermore, we are interested in bounding cochains satisfying m%’ = 0, so that the en-
domorphism algebra of (L, b) has the same rank as the endomorphism algebra of L. Below,
we generally refer to the degree 0 part of the endomorphism algebra of (L, b) as the deformed
algebra. In addition, when we partially compactify the surface, we denote the corresponding
deformation variables by si, s2,... and write {m?’s} for the deformed A.o-structure. We again

look for flat deformations, that is, we require m[{’s = 0.

Let us first explain that if we only use deformations coming from bounding cochains, we get
precisely radical square zero algebras.

Proposition 6. Suppose that A is any finite-dimensional basic algebra over an algebraically
closed field k such that its radical satisfies rad(A)? = 0. Then A can be realized as the degree-0
endomorphism algebra of an immersed curve vy : S' — L C X equipped with a bounding cochain
b. Conversely, for any bounding cochain b with m§ = 0, the endomorphism algebra of any (L, b)
in F(X) is a radical square zero algebra.

Proof. By hypothesis, A is isomorphic to a quiver path algebra modulo the ideal generated by all
paths of length > 2. That is, A = kQ/Q>2. Let the vertices (orthogonal primitive idempotents)
of @ be V=4{0,1,...,n}. Let the arrows (basis of the radical) of @ be E = {n+1,...,n+m}.
Each arrow a € E has a specific source vertex s(a) € V and target vertex t(a) € V. We will
construct a signed Gauss word using exactly r — 1 = n + m crossings.

For each explicit vertex v € V' \ {0}, we define a contiguous “block” of letters B,:
B, =v" (Ha*) (Hc*> vt
t(a)=v s(e)=v

(The relative order of the a™ and ¢~ letters strictly inside the bracket v~ ...v" does not matter).
We define the signed Gauss word as the sequential concatenation of these vertex blocks, placing
any arrows connected to the vertex 0 at the very end:

B1By...B, <t(££0a+> < H c_)

s(c)=0

Because each arrow has exactly one source and one target, a™ and a~ each appear exactly once.
Each vertex v also appears exactly twice (v~ and v™). Thus, this is a valid signed Gauss word.

We assign the grading |wy| = 0 for all k. This maps the degree-0 generators to xp = w. We
define a bounding cochain by
b= > .

veV\{0}

We claim that mfl’ = 0. By our grading choices, we have

m? (’U)k) = mg(IUk, ba b) + mg(b, W, b) + m3(b7 ba wk)

14



For an arrow a, since w, does not appear in b, no matching pair is possible: m®(w,) = 0. For
a vertex v, m‘l’ (wy) contains a —w, term coming from mg(w,, wy, W,) = —w, obtained from the
small rectangle. On the other hand, we also have ms(w,, w,, w,) = w, because, by construction
of the Gauss word, we have the subinterval v~ ...v". Hence, we have a cancellation. Finally, for
cross terms u # v, the coefficient of w, in m¥(w,,) relies on four subintervals: u®...v=, u®...v*,
u™...v", and v~ ...v". Since blocks B, and B, are disjoint, these either all exist (if u precedes
v) or none exist. The signs of these four mg evaluations yield exactly +1 —1+41—1 = 0. Thus
mb = 0.

Next, we calculate the algebra structure. For v € V'\ {0}. The subinterval v~ ...v" exists,
yielding
b —
mg (Wy, Wy) = Wy

For u # wv, if B, precedes B, both v~ ...v" and u™...v" exist. These evaluate to w, and
—w,, perfectly cancelling to 0. (If B, is after B,, neither exists, yielding 0). Thus, {wy}yev
forms a set of mutually orthogonal primitive idempotents. Finally, we define the idempotent

€)= wp — Y Wy.

For a vertex v € V and arrow a € FE, left-multiplication mg(wv,wa) evaluates to w, if
v~ ...a" subinterval exists, and —w, if v ...a™ exists. This coefficient is exactly 1 if and only
if a™ is located strictly between v~ and v™. By our construction of the Gauss word, this happens
if and only if a™ was placed inside block B,, which means t(a) = v. If t(a) = 0, a*t is at the
end, so m§(w,,w,) = 0 for all v, forcing m$(eg, w,) = w,. Similarly, the right-action yields
mS (wa, wy) = w, if and only if @~ is strictly between v~ and v*, which is equivalent to s(a) = v.

Finally, we check that radical square is zero. For any two arrows a,c € FE, the product
m$(wq, w,) involves m3 evaluations with b. Since b contains only 0, the inputs {wg,w., Wy}
lack any matching pair. Thus, m§(w,, w.) = 0.

We have reproduced the vertices V', the arrows FE, the source/target structures, and the
generated algebra is exactly isomorphic to A = kQ/Q>2.

Conversely, suppose that b is a bounding cochain with m? = 0. Write 1 = xg,21,...,%r_1
for degree 0 generators, and b = ZZ;% tryr. Recall that

mg(xi,mj) = mg(xi,xj) + mg(xi,mj, b) + m3(z;, b,xj) + mg(b,a}i, xj).

By definition, my(z;,z;) = 0 as my evaluates non-trivially only if the inputs form a matching
pair (wy, Wy ), which requires one degree-0 and one degree-1 element. ms evaluates non-trivially
only when exactly two adjacent inputs form a matching pair, which then “absorbs” the third
element. Since x; and x; cannot match each other, the match must happen between one of them
and a yi from the bounding cochain b. So b must contain #;y;. This matching pair “absorbs” the
remaining element z;, outputting a multiple of z;. Likewise, z; can match with y; (supplying
tj), which absorbs z; and outputs a multiple of x;. Therefore,

mg(acz, xj) = C,-jtia:j + le-itjxi

where Cj;, C']’-i € Z depend on the subintervals connecting ¢ and j.
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Let us partition our generators by defining a subspace Vy = span(zy : ¢ = 0). If we
multiply two elements z;,x; € Vp, then t; = t; = 0. Substituting this into our formula, gives
mb(z;, 2;) = 0. Hence, Vi = 0.

Furthermore, if we multiply an element x; € Vj with an element x ¢ Vj, then t; = 0. The
product becomes:
wd (x4, 1) = Chitpxs € Vp.

Because 1V} is a two-sided ideal that squares to 0, it is a nilpotent ideal, meaning it is entirely
contained within rad A.

Consider the quotient algebra A/Vj, which is generated by the elements xj where t; # 0.
To find the multiplication rules here, we evaluate the differential:

md (z1,) = ma(b, z) + ma(zy, b) + ma(xk, b, b) + ms(b, 25, b) + ms(b, b, )

The mo terms evaluate strictly to multiples of wy. For the y; coefficients, we only look at the
m3 terms. Because m3 requires a matching pair and the match must be exactly between x; and
the tpy, term from b, the third, remaining element must be some ¢;y; from the other b. Thus,
every non-zero ms term in mfl’ (x) is proportional to txt;y;. We denote the coefficient by Fj; as
in

mllj(.%'k) = Ekltktlyl 4+ ...

If we now analyze the four subinterval rules in Definition 3, we see that any subinterval connecting
k and [ contributes 1 to Cy; (or Cj;) in the multiplication if and only if it contributes £1 to
E; in the differential.

Because we require that m[{ = 0, the coefficient Ej;tit; must vanish for all [. Since we
are evaluating the quotient A/Vp, we know t; # 0 and ¢; # 0. We have Ejy; = 0. Thus, the
corresponding coefficients Cy; and Cj, in the multiplication m$ (2, 2;) must also cancel. Hence,
we conclude that

m(zp,2;) =0 forallk#1in A/Vy

Therefore, the quotient A/V} is simply a commutative algebra generated by mutually orthogonal
elements thus A/V} is semisimple, meaning its radical is 0. Therefore, rad A = V{. Since we had
shown that V2 = 0, we conclude that (rad A)? = 0. O

Hence, before the partial compactifications of ¥, the deformed algebra always has radical
square zero. Thus, we need the surface compactifications in order to “unlock” algebras with
longer nilpotent chains like k[z]/(z3).

Example 7. As an example of a radical square zero algebra, let us consider the 3-Kronecker
quiver, with vertices V' = {0,1} and three edges E = {2,3,4} all have source 0 and target
1. The block B; associated with v = 1 is 172737471 and the signed Gauss word from our
construction is

1721374 1127374~

If we now consider b = w7, then we can calculate that the result gives the 3-Kronecker quiver.
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We next begin to work through the immersions with 3 or fewer nodes. We will not give
full details in every case to avoid too much repetition. However, we provide a fully explicit
description of all the A,.-products in most cases so that the reader can feed this to their favourite
computer algebra system to check that what we calculated indeed satisfies the A, relations. In
our experience, this seems to be a highly non-trivial (and satisfying) check as a single sign error
or a missing polygon causes the violation of many of the A, relations.

n=1: ) 11~

Here is the figure-eight curve and its canonical neighborhood ¥, which is a three-punctured
sphere. In the figure, the left and right sides are identified. We labelled the three boundary
components with the letters mi,mg, s, where mi, mo are monogons, and s is a bigon. The
gradings are related by [s| = 2 — 2|w|, |m1| = |ma| = |w].

Let us choose |w| = 0. There are the following triple products:

mg(w, w, w) = —w
mg(w,w, w) = w = —mg(w,w, w)
mS(w)w7 6) =e= _m3(wa w, 6)

Compactifying the s component, we get the additional products

ma(w, w) = se

may (e, w) = —mo(w, €) = sw

mz(w,w, €) = —se

Let b = tw. We have m?’s =0, and the deformed algebra over k[t, s] is given by

klz]/(x? + tx — s)

In particular, note that by Example 2, every rank 2 algebra appears in this family.

17



Remark 8. There is a mirror symmetric description available. The mirror family (with respect
to compactifying s) is given by k[z,y, s|/(zy — s) and the mirror to the ¢-family of figure-eight
Lagrangians corresponds to the module k[x,y, s,t]/(x —y + t,zy — s).

We have already obtained all possible two-dimensional algebras above; however, to illustrate
some of the additional possible choices and complications, and to prepare ourselves for the more
complicated examples, let us do another exercise on the figure-eight curve. Consider the Gauss
word 1717 and let us choose |w| = 1. Then, the product is given by

ma(e,e) = e, ma(e,w) = w, ma(e,e) = é,
ma(w, e) = w, my(w, e) = w, ma(w, w) = €,
m2(€7 ’LU) = ~w, m2(€¢ é) —-e, mQ(u_jv w) =e

ma (W, w,w) = —w
m3(w, w,w) =w = mg(w,w,w)
mg(w,w,e) = —e = mg(w, w, e

Now, we can no longer compactify s, as the winding number around s is 0. However, the
winding number around m; and me are 1, and hence, they can each be compactified with a
7./27-orbifold point, and the grading extends across that. As a result, we get the following
additional contributions:

ml(U_)) = —muw, mQ(w’ 6) = miw, m3(’lZ),’lZ), é) = —mye
my (@) = maw, my(€, W) = myw m3(w, e, w) = —m1e
my(w,w) = mye, my(e, 0, &) = —miw my(w, &, w, €) = mye.

If we now let b = tw + Awg, then we have
m[{’ml’m2 (’LT)) = (—t2 —mq + mg + 2mi A\ — ml)\Q)w + Q(t — t)\)ﬂio

Writing 2 = w, we get a flat deformation when either t = 0 and mg = m1(1 — \)?, in which case
the deformed algebra over k[mq, \| is

klz]/(@® — mi(1 = M)?)

or if A = 1 and mgy = ¢, then the deformation over k[mj,t] is given by

klx]/(x? — 2tx)
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n=2: (OO 11272+1-

This curve is immersed in a four-punctured sphere. The boundary components are my, mo, $1, S,
where m1, mo are monogons, s; is a bigon, and ss is a rectangle. The gradings are related by
(51 = fwt] + [wal, |52] = 4 — 2Juwn| — 2w, [ma] = [wal, |ma| = [wa]. We do not give explicit
computations in this case.

n=2: QX)) 1"2+271~

This curve is immersed in a four-punctured sphere. The boundary components are mi, mas, s1, S2,
where mq and mo are monogons, and s; and so are triangles. The gradings are related by
[s1] = 2+ [wi] = 2fws], [s2] =2 = 2Jwi| + |wzl, [m1| = [wi] and |ma| = |wa|.

mg (W, wy, W) = —w m3 (w1, W2, wa) = w1 w3 (wy, w1, W) = —1o
mz(wi, wa, Wz) = —w; ms(wa, w1y, W1) = —ws my (0, wy, W) = —0;
mg (W, Wi, wa) = —ws m3(wg, wa, Wa) = —ws m (W, wy, W) = —Wa
ms (w1, W1, Wo) = Wo mg (we, We, Wo) = Wo mg (Wg, we, W) = —o
m3(wy, Wy, W) = Wy mg(wg, Wo, W) = W ms (g, o, W1 ) = —y
m3(wy, Wy, Wa) = Wy ms (wy, Wy, Wy) = Wy My (Ba, We, Ts) = —s



Turning on the sj-deformation, we get the following contributions:

m2(w2, w2) = S1wy

my(we, W) = —81Ws

b,s1

Let b = t1jw; + tawe. We have my™" = 0 for all b. Letting (z1,22) = (w1, ws2), the deformed
algebra over kl[t1,t2, s1] is given by

k[ajl, $2]/($% + 121, IE% + toxg — 5121, L1722 + tlxg)

Let A = t2 — 4s1t1, then we have the following isomorphism types of algebras.
2

t1 #£0,A#0 kxkxk

(t1 #0,A =0) or (t; = 0,13 #0) | k x k[x]/(x?)
t1 =0,t2=0,51 # 0 k[z]/(«®)

t1 =0,t2=0,51 =0 k[:c,y]/(:n,y)g

In particular, every isomorphism type in the commutative component of Algs is recovered.
Therefore, turning on the so-deformation will not give rise to new algebras, although the full
computation is still doable. We only record the relevant additional products for our purpose:

ma(wi, w1) = Spwo

(w2,w1) = S8182€

(wl, w2) = S8182€
)=

m3(w1, w2, W1

One still has m?"*2 = 0, and the deformed algebra over k[t1, to, s1, s2] is
1

2 2
klzy, o] /(2] + tiz1 — sawa — sata, x5 + taws — 5121, T122 + L1202 — S152)

The behaviour of this algebra is governed by the binary cubic
f(% ?/) = —52563 + t1332y + tgxy2 + 51y3

A remarkable fact about this family is that (letting k¥ = Z), it matches perfectly with the Delone-
Faddeev classification of cubic rings (see [4]) which shows that isomorphism classes of cubic rings
(free of rank 3 over Z) are parametrized by G Lo(Z)-equivalence classes of integral binary cubic
forms. Indeed, if we let w = 1 + ¢; and 6 = 9, the multiplication table given in [4, Eq. 3]
matches with our family.

Remark 9. One can think of this in terms of mirror symmetry as follows. The binary cubic f
gives rise to a map of sheaves

Op1(—3) L5 Op
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The image of this map defines the structure sheaf Oy = Opi/f(Op1(—3)) of a 0-dimensional
scheme Z and the cubic ring is the global functions on Z. Our Lagrangian immersion can
be understood as the mirror dual to Oz. Though, this only works for f ## 0, as the rank of
H°(Op1/f(Op1(—3))) drops when f = 0. One solution is to consider the hypercohomology of

Op1(—3) N Op1 as a complex in degrees —1 and 0. This was pointed out by Deligne (in some
letter!) and was further studied and generalized by Wood (see [25]). An approach that is more
directly related is to consider a degeneration of P! to a nodal curve mirror to the four-punctured
sphere as in [14] or [7].

n=2: 172t172~

This curve is immersed in a twice-punctured torus. In the figure, the left-right, and the top-
bottom sides are identified. The boundary components are si, So, where s1 is a bigon, and ss is
a hexagon. The gradings are determined by [s1]| = 2 — |w1| — |we| and |s2| = 2 + |w1| + |w2.

The triple product contributions are as follows:

m3(wr, wr, wr) = mz(wy, we, W) = —wi
mz(wy, W, W) = mz(we, We, w1) = —mzg (W, wr, W) = W1
—mg(wa, w1, w1) = mz(wi, W1, ws) = mz(we, wy, W) = mg(wy, wy, W) = —ws
—mg(wy, w1, wg) = —ma(wWs, w1, w;) = mz(wa, W, W) = mg(wy, Wy, W) = —mz(Ws, wa, Wa) = We
m3(wy, w1, €) = mz(ws, Wo, €) = —mz(Wa, wo, €) = —mz(w1,wy,€) = €

Let b = t1w1 + tows, then the condition that m‘f = 0 can be computed from
mll’(wl) = —t1ta - Wo
m?(wg) =t1to - W

Hence, the deformed algebra over k[tq,ta]/(t1t2) is given by

E{wy, wa}/ (w4 tywr, wi + tows, wiws + t1ws + tawy, wowy)

We give the isomorphism types of the algebras occurring in this family in the following table.
t1 £0, 65 =0 o« — o
t1 =0, ta #0 e —> o
t1 =0, ta =0 | k[wy,wa]/ (w1, ws)?
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Turning on the s;-deformation, we additionally get the following contributions:

my(w1) = —s1w2, my(we) = s1w
mo(wi, w2) = sie, Mo(wy,€) = —s1wy, mo(E,wi) = s1wW2, mz(wi,ws,€) = —s1€
Hence, m[{’sl(wl) = —(s1 + tita)ws and m[{’sl(wg) = (s1 + tita)w;. Thus, the deformed algebra

over k[ty,t2] is given by

k{wy, wg}/(w% + twq, w% + tows, wiwg + tywe + towy + tita, wown)

This family maps to the component of Alg, that contains e — e.

One can also try turning on s, in this example, but then there are infinitely many polygons
to worry about.

n=3: OO 1t273+32+1-

This curve is immersed in a five-punctured sphere. The boundary components are mi,mo and
81, 82,83, where m; and mg are monogons, and s; and sg are bigons, s3 is a hexagon. The

gradings are determined by [s1| = |wi] + [wa, [sa] = [wa| + [w], |s3] = 6 — 2|wn| - 2fws| — 2ews],
and [mq| = |w], |ma| = |ws].
RN £
\ i: e
4 wl
(53) w2
w3
____________________ ;7;2_____________________

ms(wy,wy, W) = —w ma (w1, Wa, we) = w1 mg (w3, W3, Wo) = Wo
m3(wy, wa, Wa) = —wi m3(wy, W3, w3) = wy m3(ws, w3, W) = Wy
ms (w1, ws, W3) = —w ms(wa, Wy, W1) = —ws mg(ws, W3, W3) = W3
m3(wy, W1, w2) = —w2 m3(wy, Wa, Wo) = Wo m3 (W1, wy, Wo) = —Wo
m3 (w1, W, w3) = —ws m3(wg, Wa, W1) = W1 mz (W, wy, W) = Wy
m3 (w1, Wy, Wo) = Wo m3(ws, wy,W1) = —ws3 m3(Wa, wy,W1) = —Ws
m3(wy, Wy, W) = Wy m3(ws3, w3, W3) = —w3 m3 (W, w2, w2) = wo
m3(wy, Wy, W2) = Wy m3(ws, Wa, w2) = w3 m3 (W2, wa, w3) = w3
m3(wy, Wy, W3) = W3 m3 (w3, W3, w2) = —wy m3 (Ws, w2, Wo) = —Wo



mg(We, we, W1) = —W1 mg (We, Wa, Wa) = W mg (w3, ws, W) = —Wo
m3 (W, wa, W2) = —W2 m3 (W, W3, w3) = W m3 (w3, w3, W) = —W;
m3 (W2, we, W3) = —W3 m3 (W3, wy, W) = —W3 m3 (w3, w3, W3) = —ws3
m3 (W, w3, W3) = —1Wy m3 (W3, w3, wa) = Wy m3 (W3, Wa, wa) = W3

This gives m{ = 0 for b = t11w0; + tows + tzws. We let (z1, 29, 23) = (w1, w2, ws). The deformed
algebra over k[t ta,t3] is

2 2 2
klxy, o, 3] /(2] + tix1, 25 — taxe, x5 + 33, T102 + t1x, X123 + t123, Toxz — tow3)

We give the isomorphism types of the algebras occurring in this family in the following table.

Allt, 20 Ex k< k< k
Exactly one t; =0 ko k x k[x]/(x?)
ty=1t3=0, t2 #0 k[z]/(z%) x k[y]/(y)

tp=tg=0o0rty=t3=0| kxk[z,y]/(z,y)?

Allt; =0 klx,y, 2]/ (2, y, 2)?

n=3: QX XD 1727373%271"

This curve is immersed in a five-punctured sphere. The boundary components are mi, mo
and s1, So, 83, where m; and my are monogons, and s; is a bigon, se is a triangle, and s3
is a pentagon. The gradings are determined by [s1]| = |wi| + |wal, [s2] = 2 + |wa| — 2|ws],
s3] = 4 = 2|wy| = 2fwa| + [ws], and [my| = w1, [maf = |ws].

m3(wi, wy, W) = —wy m3 (w1, Wy, Wo) = Wo m3(wy, W3, w3) = wy
m3 (w1, we, Wa) = —w m3 (w1, Wy, W1) = W m3 (w2, wy, W) = —ws
mg(wy, ws, W) = —w; mg (w1, W1, W) = Wa m3(ws, Wa, Wo) = W
mg(wy, Wy, we) = —ws mg(wy, 01, W) = W3 mg(wa, Wy, W) = W1
m3(wy, Wy, w3) = —w3 m3(wy, W2, w2) = wy m3 (w3, wy,W1) = —w3



Turning on the so deformation, we get

m3 (w3, wy, W) = —W3
m3 (W3, w3, w2) = wa
m3 (w3, w3, w3) = ws
m3 (w3, w3, Wo) = —Wo
m3 (w3, w3, W1) = —w1
m3 (W3, w3, W3) = —W3
m3 (W3, Wa, wa) = W3
m3 (W3, W3, w3) = W3

mo (w3, w3) = spwa, Mo (w3, W) = —S2W3, Ma(W2, W3) = S2Ws3

This gives m} = 0 for b = t110; + tows + tows. We let (z1, 29, 23) = (w1, w2, ws). The deformed

algebra over klty,t,t3, so] is

2 2 2
klz1,x2, 23]/ (2] + tix1, 5 — toxa, x5 — t3xs + Soxe, x122 + t122, 2123 + 123, Taxg — lox3)

Let A = t3 — 4sots. The possible isomorphism types of algebras occurring in this family are

given in the following table.

tZ0,ts Z0,A£0
Exactly one of {t; =0,t3 =0,A =0}
ti=A=0,t#0
t2:t320,82750,7f1750
tl=t2=0,t37é00rt2=t3282Zo,tl%o
t1:t2:t3:0,827&0
t1:t2:t3:32:0

n=3 : @Q 172273371~

This curve is immersed in a five-punctured sphere. The boundary components are my, ms, ms, s1, So,
where m1, me and ms3 are monogons, and s; is a rectangle, and ss is a pentagon. The grad-
ings are determined by |si| = 2 — 2|wi| + |wa| + |w3|, [s2| = 4 + |wi| — |wa| — |w3| and
|mi| = |wi],|me| = |wal,|ms| = |ws]. If we choose |w;] = 0, we have the following triple

products.
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N
3(wy, w1, W1) = —w; m3(ws, W2, w3) = —w3 m3 (W, wy, W)
3(w1, w2, W) = —w; m3(wg, Wa, Wo) = Wo m3(Wg, wy, W)
3(w1, w3, W3) = —w m3(wg, Wa, W1) = W1 m3 (W2, wa, w3)
3(w1, W1, we) = —ws m3(ws, Wy, W2) = W m3 (s, wa, Wo)
3(w1, W1, w3) = —ws m3(ws, Wa, W3) = W3 m3 (W, wa, W)
3(w1, Wy, Wo) = W m3 (w3, wy, W) = —ws3 m3 (W2, we, W)
3(wy, W1, W) = Wy m3(ws3, wa, W2) = —w3 m3(Wa, wo, W3)
3(wy, W1, W) = W m3(ws3, w3, W3) = —w3 m3 (W3, wy, W)
3(w1, W1, W3) = w3 m3 (w3, Wa, w2) = w3 m3 (W3, wa, W)
3(w1, Wa, w2) = wy m3 (w3, W3, Wo) = Wo m3 (w3, w3, W)
3(w1, W3, w3) = wy m3(ws, W3, W) = Wy m3 (w3, w3, W)
3(w2, w1, W) = —ws m3 (w3, W3, W3) = W3 m3 (W3, w3, W3)
3(w2, w2, W) = —ws m3 (W1, wy, Wo) = —Wo m3 (w3, Wa, wa)

iwl
_wz

w3

Turning on the si-deformation associated with the rectangle, we additionally obtain the
following contributions:

m

3

m

3

m

3(W3, W2, w1) = 51101 my (W3, Wa, w1, Wo) = —S1W1

3(W2, w1, w1) = s1ws3 my (W2, wy, Wo, w1) = —S1W3
3(w1,wi,W3) = s1w2 my(wy, Wo, w1, W3) = —S51W2
3(w1, W3, W) = —s1W1 my (o, wy, W3, W2) = 5101
4(w1, W3, W2, w1) = 10 ms (w1, W3, W2, w1, Wo) = —S1Wo

Note that the winding number around s, is 4, so we have no more deformations. Letting
b =ty + to +t3ws3, we get that m$ = 0 and writing (21, z2, 73) = (w1, w2, ws), the deformed
algebra over kl[t1,ta,ts, s1] is given by

k:[xl,xz,:cg]/(

x% +tix1 — 81t3x2 — 81t2$3 — 81t2t3, 1’% + tgxg, 1’% + t3.CC3,

T1T2 + t1x2, 103 + t1x3, ToT3

)
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Let A = t2 + 4s1tat3. The possible isomorphism types of algebras occurring in this family are
given in the following table.

to #£0,t3 #0,A#0 kExkxkxk
Exactly one of {t2 =0,t3 =0,A =0} k x k x k[z]/(z?)

tQ,Sl #O,tl =13 =0or t3,$1 #O,tl =t =0 k x l{:[a:]/(a:3)
t1 =1y = 51 :O,tg 75001‘ t1 =1t3 =857 :O,tQ 75001‘ to = t3 :O,tl 750 k x k[x,y]/(x,y)2
t1=ta=1t3=0 k[z,y, 2]/ (x,y, 2)?

n=3: QOXG 17273737271

This curve is immersed in a five-punctured sphere. The boundary components are mq, ms and
s1, 82, 83, where m1 and mso are monogons, and s; and sy are triangles, s3 is a rectangle. The
gradings are related by [s1| = 2+ |we| — 2|ws], [s2| = 2+ |w1| — 2|wa| + |ws|, |s3] = 2+ |wa| —2|wr],
|m1| = |w1| and |ma| = |ws].

mg (w1, wi, W) = —wq mg(we, w3, W3) = —ws mg(ws, W3, W3) = W3

mg(wy, we, Wa) = —w mg(ws, We, w3) = —w3 ms (w1, w1, W) = —o
mg(wy, ws, W3) = —w mg (wa, We, Wo) = mg (w1, wy, W) = —y
m3(wy, Wy, wz) = —wy m3(wa, Wy, W) = W1 m (W, wy, W) = —Ws
mg(wy, W, w3) = —wy m3(wz, Wa, W2) = W mg (g, wo, W) = —Wo
m3(wy, Wy, Wo) = Wo ms (wo, Wy, W3) = W3 ms (s, W, B) = —@
m3(wy, Wy, W1) = W1 mg(we, W3, w3) = we s (y, wo, W) = —y
m3(wy, Wi, Wa) = Wo ma(ws, wy, W) = —w3 my (w3, wy, W) = —3
m3(wy, Wy, W3) = W3 m3(ws, we, Wa) = —w3 ms (W3, wa, Wa) = —3
m3(wy, Wa, w2) = wy m3 (w3, ws, W3) = —ws3 m3 (w3, w3, Wo) = —Wo
m3 (w1, W3, w3) = wy ms(ws, W3, Wo) = my (W03, w3, W) = —0;
my(ws, wy, W) = —wy m3 (w3, W3, W1) = ms (W3, w3, We) = —1Ws

( U2) ( ) = ( )

ms = —wa mg(ws, W3, Wa
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Turning on the s;-deformation, we get the following contributions

mo (w3, w3) = s1wWo

In addition, turning on the so-deformation, we

mg(w%wg) = §152W1
My (w3, W1) = —8152Wa

Mo (W1, ws) = $152Ws3

Finally, we also turn on the s3-deformation.

S3W2
—83W1
S3W1
S2S83W3
—8983W1
S$283W2
§283W3
—SgSg’lI)g
S283W1
§18283W0
7818283@1
S$18283Ws3
§18283W0
—515283’@3
818283@1
81838311}0
—S1S§S37I}2

515%.931I)2

my (w3, Wa) =

mz(w:a»w2) =
my(wa, W) =

my (W, ws) =

751@3

mo (W2, w3) = 51W3

get the following contributions:

§182W1 m3(wsg, W3, w2) = Saw1
—5152W3 m3 (W3, wa, W) = — S22
5152W2 m3(wy, Wy, Wwa) = —S2ws3
m3 (W, wa, W3) = SaWs

m3 (ws, W3, Ww1) = S253Wo

m3 (W3, Wy, Wo) = —5253W2

m3(wy, Wo, w2) = —S253wW3

m3 (o, wa, W3) = S283W1

m3 (w1, W3, w2) = 5253wWo

m3 (W3, wa, Wo) = —5283W1

m3(ws, Wo, w1) = —S253W3

m3 (o, w1, W3) = S253Ws

m3 (w1, Wa, w1) = S3Wo

m3 (W, wy,Wo) = —83W1

m3(wy, Wo, w1) = —S3ws

m3 (W, w1, W2) = S3wW1

m3 (w3, wy, Wo) = —515253Wo

m3(wy, w3, Wo) = —815253Wo

m3(wa, wa, Wo) = —818383wWo

my (w2, W3, w1, W) = —S5253Wo

my(wy, W3, w2, Wo) = —S253Wo

my(wy, W2, w1, Wo) = —S3wWo

The deformed algebra over k[ty, ta,t3, s1, s, s3] is

2] 4+ t121 — s372 — Sgto, T3 + toxs — sat3wy + Sat1x3 — S15583, ¥3 + t3w3 — 179,
klxy, x2, 23]

T1X9 + t1T2 — S283T3 — S983l3, Toxy + o3 — S189%1, 13 + L1X3 — 515283

)
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Over an algebraically closed field &, every isomorphism type (of which there are 9) of commuta-
tive, associative, unital k-algebras of dimension 4 appears as a fiber of this family. The following
table gives realizations of all commutative algebras:

Si:ti:o
51:1, 82283:ti20
81—3321, ngtizo
51—82:1, 53:ti:O
82:t3—1, 81283:t1:t2:0
ti1=1,s1 =8 =s3=1=13=0
t2:1, 81282283:t1:t3:0

t1:t3:1, 81282283:t2:0
t1:t2:t3:1, 81282283:0

k[z,y,2]/(x,y, 2)*
klz,y]/ (2%, 2y, y?)
klz1, ws]/(x] — 23, x123) ~ K[z, y]/(2?
k[z]/(x*)
k x k[z]/(x?)
k x ’f[ﬂ? yl/(z,y
k[z]/(2%) x k[y]/(y?)
k x k x k[x] ($2)
kxkxkxk

. y%)

z,y)?
)
/

Remark 10. For f = s1z* + t323y + tox®y? + t12y® — s3y* we can consider the complex

Op1 (—4) L5 Op

As in the cubic case, we can consider the ring Ry = H'R7.(Opi(—4) — Op1). A concrete

computation of this ring appears in [25] and its presentation is given by

2 2 2
x| + tixy — s3we — s3ta, x5 +toxy — t3wy + L1w3 — 5183, T3 + t3x3 — S1x2,
k’[xl,xQ,lL‘.?,]
T1%2 + t1x2 — S3x3 — S3t3, Tox3 + taws — S121, 143 + 1103 — $183

which is precisely our presentation after setting s3 = 1. However, apart from k[z, vy, 2]/(z, y, 2)?

corresponding to the case f = 0, these rings are necessarily monogenic because for f # 0 they

are given by global functions on the scheme cut out by f, so they give only
kla]/(x*), klz]/ (2?) x

)k x kx klx)/(z?),kxkxkxk

Kl y? k< kla] /(2

(EE) 1t2-3+1-2+3~

The “trefoil” curve is immersed in a five-punctured sphere. It was studied in [20] and also
appears in [7] (with different grading choices). The boundary components are si, so, 3, s4, S5,
where s1,s9 are triangles, s3, s4 and s5 are bigons. We will use the equivalent Gauss word
17273717273% that is compatible with the below picture. The gradings are determined by
|s1] = |s2| = [wi] + |wa| + [ws], [s3] = 2 —[w1] = |wal, |s4] = 2= |wa| — [ws], [s5] = 2 — w:] — |ws].
We choose to use the gradings |w;| = |ws| = 1, and |wz| = 0. In this way, |s1]| = |s2| = 2 hence
can be compactified in the usual way, and |s3| = |s4| = 1 hence can also be compactified with a
7./ 27-orbifold point.
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~_7

With these choices, the product and the triple products are determined as follows.

ma (wy, wo) = w; = (—1)"my(wo, w;) for i =0,1,2,3

my (w3, wo) = w; = (—1)Phmy (wo, w;) for i = 0,1,2,3

ma (w1, w1) = wo = ma (w1, W)

my (W, w2) = Wy = —ma(ws, W2)

my (w3, w3) = Wy = ma(ws, W3)
m3(wy, Wy, w3) = —w3 m3(ws, Wy, w1) = w3 m3 (Ws, w2, Wo) = —Wo
mg(wy, W1, Wo) = —Wo mg(ws, W3, W) = —Wo mg (W, Wy, Wa) = —Wa
mg(wy, W, Wg) = —Ws m3 (W, wi, wp) = —w; mg (e, W1, wy) = W
m3(we, w1y, W) = ws m3 (W1, wy, we) = ws mg (w3, wy, W) = W3
mg(wz, we, Wa) = —ws m3 (W1, w, w3) = —ws mg (W3, wa, Wa) = —W3
m3(wa, W1, w1) = W m3 (W1, wy, Wo) = —Wo m3 (w3, w3, w) = —wy
m3(wa, We, w1) = wy ma (w1, wy, W) = Wy mg (w3, ws, ws) = —ws
m3(ws, Wa, w3) = w3 m3 (W, wy, W2) = —Wa m3 (W3, w3, Wo) = —Wo
mg(ws, Wa, W) = Wo mg (W01, w1, W3) = W3 m3 (W3, w3, Wy) = —Ws
m3(wg, Wa, Wa) = W m3 (W1, we, Wa) = —w m3 (w3, w3, W3) = w3
m3(ws, Wy, W3) = —W3 m3(wy, Wy, w1) = Wy m3 (W3, Wy, wy) = W3
mg(wa, W3, w3) = W mg (W1, W3, w3) = W1 m3 (W3, W2, wz) = W3
mg(ws, we, W) = —w3 mg(We, we, ws) = —ws mg (W3, Ws, ws) = Ws

Let b = tywy + tows + tgws + Awg. Then, we have m? is given as follows:

m? (1111) = 2t1(1 — /\)wo — t%wl — t1towe — t1t3ws
ml{ (’u}g) = ti1tow; — tgtg'wg

m? (ﬂ)g) = 2t3(1 — )\)wo — titswy — totgwo — t%wg
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We will next turn on the deformations associated with s, s2, s3, s4. The only differentials come
from the monogons double covering the union of s; or so, and s3 or s4. These give

my (1) = (s3 — s7)sawn my(w3) = (53 — s1)s3ws

The additional my products come from (i) triangles at s1, so, (ii) triangles at s; or s union
double cover of bigons at s3 or sy4, (iii) monogons double covering s; and s3 or s4 and (iv) bigon
with corners at we which is supported on the union of s1, s9, s3,s4 and double covering ss, s4.
These give the following contributions:

ma (W3, W1) = $1Ws Mo (wa, W) = $184W3 my (W1, W) = $284wo

mo (W1, W) = S1w3 mo (W01, w3) = 818412 my (W, Wo) = 784w

my (W, W3) = 1w mo (w3, we) = $184wq my (Wo, W1) = 7841

ma (W1, W3) = Sows ma(ws, W3) = S283W1 my (03, W3) = s$7s3wp

ma (W3, Wa) = Sowq mo (W3, W) = $283Ws mo (W3, Wo) = $283w3

Mg (Wa, W1) = Sows mo (w1, wa) = S2S3wWs my (Wo, W3) = $7s3ws3

my (W3, wa) = $1831W1 My (W1, wa) = S254W3 my (w2, we) = §1525354W0
my(wa, wy) = —8153W3 my(wa, w3) = —8254W1 my(wy, W) = —51825354W2
my(wy,W3) = 515312 ma (w3, W1) = S254W2 ma (Wo, w2) = 51528354W

Next, the additional mg products come from (i) triangle at s, (ii) double covering of bigons
over s3 or sy, (iii) triangle at s; union double cover of bigons at s3 or sy, (iv) monogons double
covering s; and s3 or s4 and (v) bigon with corners at wy which is supported on the union of
$1, 82, 83, 84 and double covering s3, s4. These give the following contributions:

mg (W, We, W3) = —S1Wp mg (W, w3, ws) = —S154Wo
m3(w2>w3’w0) = —S51U mg(wg,’wg,wo) = —81S54W1
m3(w37w07w1) = —S1W2 mg(w2,w0,w1) — —3154133
ma (W, W1, ) = —s1ws m3 (W, W1, w3) = —8154W
m3(wy, w2, w1) = S3Ws o 9
B m3(w07w3,wo) = —S1S3Ws3

m3(wa, wy, wa) = Sz o 9

B m3(w3,w3,w0) = —8783Wo
m3(w37w2,w3) = —S4W2 )

_ mg(ws, Wo, W3) = —STS3Wo
m3(w27w3,w2) = —S4Ws3
m3 (w2, w1, W3) = $183Wo ma(o, W, W) = —sT 5401
mz(wy, W3, Wo) = —5153W2 mg (Wi, Wi, Wo) = —5154wWo
mg(’a}ynwo,wg) = —8183W1 mg(ml,'ll_}(),’u_}l) = —87S4Wo
m3(11707w2,w1) = 5153Ws3 ms(w2,w2,w0) = —81525354Wo
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Finally, there are my products that come from (i) triangle at sp, (ii) triangle at s; union
double cover of bigons at s3 or s4, and (iii) monogons double covering s; and sg or s4. These
give the following contributions:

e AT ) — e ) o2

m4(w17w2,w3,w0) = S1Wo, m4(w1,w0,w1,w0) = 8$1S54Wo,
- e\ R T TR

m4(w2,w1,w3,w0) = —S8183Wo, m4(w3,w0,w3,w0) = $1S3Wop-

my (w1, w3, w2, Wo) = S154Wo,

That’s it! Now, we let b = t1wq + tows + t3wsz + Mg and we compute m?731’52’53’84 as follows:

ml (@) = 2t1(1 — N + (5354 — 12 — s254(1 — \)2)wy + (s254t3 — t1ts + s15483(1 — X))o

+ (satg — tits + sita(l — N))ws
(we) = (—s284t3 + tita + s184t3(1 — X))wy + (Sgt% — 54t§)w2 + (s283t1 — tats — s153t1(1 — X))ws
(w3) = 2t3(1 — N)wg + (sata — t1ts + s1t2(1 — X))wy + (s283t1 — tots + s183t1(1 — X))wo

+ (5353 — t% — 5553(1 — )\)2)103

m

m]
b
1

Thus, to get a flat deformation over k[s1, s2, S3, S4, t1, t2, t3, \], we need
2t (1 — \) = 0= 2t5(1 — \)
and the entries of the following (not quite symmetric) matrix should vanish.

8384 — t% — 8%84(1 — )\)2 8284t3 - tth + 8184t3(1 - )\) 82t2 - t1t3 + Sth(l — )\)
—5254t3 + t1t2 + $1$4t3(1 — )\) Sgt% — S4t§ 8283t1 — t2t3 — Slsgtl(l — )\) =0
SQtQ — t1t3 + 81t2(1 — )\) 8283t1 - t2t3 + 8183t1(1 — )\) 8%83 — t% — 8%83(1 — A)Q

A straightforward verification shows that these equations cut out 4 irreducible components. We
now let (z1, 9, x3) = (w1, ws, wy) and write out the presentation of the flat family over each
of these components (by calculating mg’81’52’53’84 from the above computation and restricting to

each component).

t1:t3:0, 82231()\—1)

We get the flat family of algebras over k[sg, s3, 4, ta, A]

2 2 2 2 2 2
T — 8584, TH — 8583, T3 + tox3 + 555384,

T1T2 — S2T3 — Sato, Tox1 + Sox3,
k{xla xo, 1'3}
T1T3 + tox1 — $284%2, T3T1 + S284T2,

ToX3 + S283T1, T3T2 — S283%1 + taXo

Note that when to = 0 and so # 0, letting ¢ = x1/s9 and j = z2/s2, we get the quaternion
algebra (s4, s3)r which is isomorphic to Ms(k) when k is algebraically closed. When s3 = s4 =
to = 0, we get the exterior algebra A = k{z1, xg}/(:c%, x%, 122+ x221). When ty # 0 and so = 0,
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we recover the quiver algebra e = e. Thus, this family recovers all the algebras in the component
of Alg, that is the closure of My (k).

tl :t2=t320,82281(1*)\>

We get the flat family of commutative algebras over k[so, s3, sS4, A]

2 2 2 2 2 2
Tl — 85984, Ty — S$983, T3 — S95354, )

T1T2 — S2X3, T2X3 — $253T1, T1T3 — S254X2

k[xl,x2,$3]/ (

We give the isomorphism types of the algebras occurring in this family (over an algebraically
closed field k) in the following table.

s2#0, s37#0, s4#0 kxkxkxk
59,84 # 0, s3=0o0r 89,53 #0, s4 =0 | k[z]/(2?) x k[y]/(y?)

s2# 0, s3=254=0 k[x’y}/($27y2)

so=0o0r s3=5,=0 k[l’,y,Z]/({B,y,Z)2

t1=t2=t3:0,83=84:0

We get the flat family of algebras over k[si, s2, A]

2 2 9
k{$17$27$3}/ (21, @3, 23, z1@2 — sows, wow1 — s1(1 — N)w3, x123, T321, TaT3, T3T2)

This gives us all the quantum algebras A, = k{z,y}/(2?,y* zy — qyx) with s;(1—\)/s2 = ¢.
A=1

The equations describe the condition that the following matrix has rank < 1:

59 tl t3
t1 s2s4  t2
tg tg 59853

Over the dense open set where so # 0, the variety can be rationally parameterized by setting
t1 = sau, t3 = S9u, sS4 = u?, s3 = v2, and ty = squwv, proving this locus is irreducible. Its closure
defines our final 4-dimensional component. We get the flat family of algebras over k[s1, s2, u, v]

given by

x% — 289uT1, x% — 28909, x% — squv(vry — uxre — T3),

x12T9 — S$2(vxy + uwe + T3), Towy — 2S2uUx
k{1, 2o, 23}
r123 — Sou(—vx1 + uwe + T3), T3] — 2S2UT3

Tox3, T3To — Sov(vry — uxT + x3)

When sg,u,v # 0, let e = ﬁ,eg = 2”;;}. Then, e} = e, €3 = ez and eze; = ea. Let

e = e; —ejeo. Then, it can be verified easily that e is a central idempotent. Hence, it splits a field

32



summand. The orthogonal idempotent is 1 —ej +ejeo. It can be shown that 1—eq, ejes, ea—eqe9

form a basis of this summand, and give an isomorphism to the algebra (’8 Z) One can do a

2
similar analysis to show that for u = 0, v,ss # 0, we get an isomorphism to (k[e]o/ ¢ Z), and

dually for v = 0,u,s2 # 0 to (’8 k[g]k/eg). We give the isomorphism types of the algebras

occurring in this family in the following table.

s9#£ 0, u#0,v#0 k X (e—se)
s9#0, u=0,v#0 Ge—e
s2#0, u#0,v=0 o ——e D)
5920, u=v=0 |k{z,y}/(2% % 2y)
59 =0 klz,y, 2]/ (2,y, 2)?

n=3: A 171727273%3~

This curve is immersed in a five-punctured sphere. The boundary components are mq, ms, ms, s1, So,
where m1,mg and ms are monogons, and s; is a triangle, and sy is a hexagon. We do not give
explicit computations in this case. Note that this case is related to the previous one by a
Reidemeister III move (cf. [17]).

n=3 : 17273117273~

This curve is immersed in a three-punctured torus. It was studied in [15]. The boundary
components are si, S2,S3, where s; is a bigon, so is a rectangle, and s3 is a hexagon. The
gradings are determined by [s1] = 2 — |wy| — |ws|, [s2] = 2 — |wi| + 2ws| — |ws|, and |[s3] =
2+ 2\w1| — 2[w2] + 2’11)3’

mg(wi, w1, 1) = —wy mg(wy, Wy, wa) = —ws mg(wi, Wy, W) = Wy
mg(wi, we, W2) = —wy mg(wi, W1, ws) = —ws mg(wi, Wy, W2) = Wa
mg(wi, ws, W3) = —wy mg(wy, Wy, Wo) = Wo mg(wy, Wy, W3) = W3
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mg(ws, Wa, W3

We let b = t1wq + tows + tzws. Then, m[{ is given as follows:
m?(wl) = —t1towo — t1t3w3
m} (wy) = titawy — tatsws
m¥ (ws) = t1tswy + tatzws

Letting (21,22, z3) = (w1, ws,ws). The deformed algebra over k[t1,to, t3]/(t1ta, t1ts, tats) is

m% + t121, HJ% + toxo, $§ + t3xs,
k{x1, z2, 963}/ r122 + tawy + tixe, Tax1, Tox3 + taxs + t3xa,

r3Tr2, 123 + t3x1 + t1x3, T3T1

We give the isomorphism types of the algebras occurring in this family in the following table.

to =t3=0,t1 #0 e e
t1 =t3=0,t5#0 e S e
t1 =1ty = 0,15 %0 oo
(t1,t2,t3) = (0,0,0) | kla,y, 2]/ (2,y, 2)?

Turning on the s; and sy deformations, we additionally get the following contributions:

my(wy) = —s1w3, my(wz) = s1W01
mo(wy, w3) = sywg, Ma(ws, Wo) = —s1w1, My(Wo, W) = s1W3
m3 (w1, w3, Wo) = —S1wWo

m3(ws3, W, w1) = Sows

m3(Wa, wi, W) = —S2W3

m3(wy, W, w3) = —S2wo

m3(Ws, w3, W) = S2W1



We get an algebra over k[t1,t2,t3]/(t1t2, tats, t1ts + sata + s1) given by

Jr% + 1121, SU% + toxo, 36% + t3xs,
k‘{l‘l, T2, 133}/ T1x9 + tox1 + t1x2, X2x1, To2x3 + toxs + 322,

T3T2, 13 + 321 + t123 — Saloxa + S1, T3x1 — SotaTa

The base has two irreducible components: Over the component ¢; = t3 = 0, 51 + s2t3 = 0 we get
a deformation to the matrix algebra M (k), and over the component to = 0, s1 + t1t3 = 0, we
get a deformation to ¢ = e. As both of these algebras are rigid, turning on sz will not lead to
any new algebras. Moreover, there are infinitely many polygons to worry about if we also turn
on Ss3.

Remark 11. The algebra e = e arises as the endomorphism algebra of the exceptional collection
(0,0(1)) on P!. The mirror to this is well known and corresponds to thimbles of the Lefschetz
fibration C* - C, z — z + % given by a double branched covering at {#1}, hence this algebra
can be realized as the endomorphism algebra of two arcs in a partially wrapped Fukaya category
of the cylinder. One can stabilize this to the Lefschetz fibration C* x C — C given by (z,w) —
z+ % +w?, and the restriction of the thimbles of this fibration to the fiber, which is a punctured
torus, is closely related to our construction of the algebra ¢ = e above. This remark also gives
a hint about a geometric meaning of what it means to retain only the degree 0 part, End(L),
of an immersed curve L on a surface ¥. Namely, one should imagine the algebra End(L) as the
(full) endomorphism algebra of a (possibly immersed) Lagrangian on a 4-dimensional symplectic
manifold equipped with a Lefschetz fibration whose fiber is X such that L is the restriction of
that Lagrangian to a fiber of this Lefschetz fibration. This was the point of view exploited in
[15] for a class of immersed curves on a punctured torus.

n=3 : 17273737172~

This is a curve immersed in a three-punctured torus. The boundary components are my, si,
s9, where m; is a monogon, s; is a square and so is a 7-gon. The grading is determined by
|si| = 4 — |wi| — |we| — 2|ws|, [s2] = 2 + |wi| + |wa| + |ws|, and |m1| = |ws|. We choose to use
the gradings such that |w;| = |wa| = 0 and |ws| = 1. In this way, s; can be compactified in the
usual way and m; can also be compactified with a Z/2Z-orbifold point.
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With these choices, the product and the triple products are determined as follows.

= w; = (—1)"ilmy(wo, w;) for i = 0,1,2,3

ma (w;, wo)

my(w;, wo) = w; = (—1)Phmy (wo, w;) for i = 0,1,2,3

ma (W, wy) = Wy = —ma(wy, W)

my(wWs, wy) = Wy = —ma(wa, W)

mao(wW3, w3) = Wy = ma(w3, W3)
mg(wy, wi, W) = —w mg(ws, W1, w) = W mg (w1, wy, W) = —y
m3 (w1, w2, W2) = —w; mg(wa, Wa, ws) = ws m3 (W1, wy, Wa) = —Wo
m3(wy, w3, W3) = wy ms(wa, Wa, W) = Wo mg (W, Wy, W) = —y
mg(wi, Wi, wz) = —ws s (wo, Wy, W) = W1 m3 (s, wa, Wo) = — o
m3 (w1, Wy, w3) = w3 m3(wa, Wa, W) = Ws mg (Wg, Wy, Wa) = —y
m3 (w1, Wy, Wo) = Wo mg(wo, We, W3) = —W3 ms (W3, wy, W) = —W3
mg (w1, Wy, W1) = Wy mg(ws, W3, ws) = wsy ms (W3, o, Wa) = —s
m3(wy, Wy, Wa) = Wy mg(ws, wy, W) = —ws m3 (W3, w3, w3) = —ws
mg(wy, W1, W3) = —Ws3 m3(ws, wy, Wy) = —ws ms (03, w3, Wo) = —Wo
m3 (w1, W3, w3) = wy m3 (w3, W3, Wg) = —Wo ms (W3, ws, Wy ) = —y
m3(wg, wy,W1) = —w2 mg(ws, W3, W) = —W; ms (@3, w3, Wa) = —1y
my(wa, wa, Wa) = —ws ms(ws, Ws, W) = — s m3 (W3, w3, W3) = W3
m3(wa, w3, W3) = Wy mg (w1, wy, W) = —Wo ms (W3, W3, ws) = W3

Turning on the s; parameter, we get the following contributions from the rectangle:

m3(ws, w3, wz) = —§1W my(ws3, wa, Wo, w1) = 51W3

m3 (w3, wa, w1) = —81Ws3 my(wa, Wo, w1, w3) = —51W3
m3 (w2, w1, w3) = 5103 my (W, wy, w3, wz) = —51W2
m3(wi, w3, w3) = §1Ws my(wi, w3, ws, ws) = —s1W
my (w3, w3, w2, Wo) = 51101 ms (w1, w3, w3, w2, Wo) = 51Wo

Next, turning on my, we get the following contributions from (i) double covering of the m;
monogon, (ii) the bigon that covers s; and double covers m;.

mg(ws) = —myws my (w1, we) = —s1M1Wo mg (w1, we, Wo) = S1M1Wo
my (w1) = s1M W2 my (wa, W) = S1M1W1
my (wa) = —s1M1W; my (Wo, W) = —8s1M W2
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We now let b = tywy + towe + tsws + Awg, and calculate:

m?(wl) = (—tltz + 51(m1 + t%)(l — )\))152
m[{(wg) = (tth — 31(m1 + t%)(l — )\))@1
mlf (11)3) = 2t3(1 — /\)wo — 2t1t3wy — 2tatzwg — (m1 + t%)wg

We let (z1,x9,23) = (w1, ws,ws). Then, the deformed algebra over k[ti,to, t3]/(t1t2, t1t3, tats)
is

l’% +tix1, :L’% + toxa, :L‘?)) — 2t3:L’3,
k{xl, T2, 5133}/ T1x9 + tox1 + t1xe + tite, xox1, Tox3z — 2379 + o3,
r3x9 + toxs, x1x3 — 2t3x1 + ti1x3, T3T1 + LT3

We give the isomorphism types of the algebras occurring in this family.

1 :t2:t3207£0 k[l’,y,Z]/(lE,y,Z)Q
to =t3=0,t1 #0 oﬂob
t1:t3:0,t27é0 G.*).
t3#0,t1:t2:0 °e

n=3: 17271-3t3-2-

This curve is immersed in a three-punctured torus. The boundary components are a monogon
mi and sp, S2, where s1 is a bigon and sg is a 9-gon. The gradings are determined by |s1]| =
2 — |wi| = [wal, [s2| = 4 + wi] + [wa| — |ws], and |my| = [ws].

ms(w,wy, W) = —w ms (w1, Wy, W) = W ms(ws, w3, W3) = —ws
m3(wy, wa, Wa) = —wi m3(wy, Wy, W2) = Wa m3(wy, Wy, wy) = Wy
mg(wy, Wy, we) = —ws mg(wy, W1, W) = W3 mg(we, Wa, w3) = —ws
mg(wy, Wy, ws) = —w3 mg(wsq, wy, W) = —ws mg(ws, Wa, Wo) = W
m3(wy, Wy, Wo) = Wo m3(wa, w2, W2) = —wy m3(ws, Wa, W1) = Wy
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m3(wa, Wa, Wa) = Wy m3(ws, W3, W2) = Wy m3 (W, w2, Wo) = —Wo
m3 (w2, Wa, W3) = W3 m3 (w3, W3, W3) = W3 m3 (W, w2, W2) = —Wa
m3(wg, W3, w3) = W m3 (W1, wy, w3) = w3 mz (w3, wy, W) = —Wws3
m3(ws, wy, W1) = —w3 m3 (W, wy,Wo) = —Wo m3 (W3, wa, Wa) = —W3
m3 (w3, wa, W2) = —w3 m3 (W, wy, W) = —W1 m3 (W3, w3, Wo) = —Wp
mz(ws, w3, W3) = —ws mg (w1, wy, W) = —Wa mg (3, w3, Wa) = —y
m3 (w3, Wy, w1) = w3 m3 (W1, wy, W3) = —W3 m3 (w3, w3, w3) = —ws3
m3 (w3, W3, Wo) = Wo m3 (W, wy,W1) = —Wa m3 (w3, W1, w1) = W3

Turning on the s; deformations, we additionally get the following contributions:

my(wy) = —s1wW2, my(w2) = s1W1
my(wi,w2) = sjwp, ma(we,Wy) = —s1W1, Ma(Wo,W1) = S1W3
mz (w1, wa, Wo) = —s1Wo

Let b = t1w1 + towsg + t3ws. Then, we have

m}(wy) = —(tits + s1)W2
m?(wg) = (t1t2 + 81)151
m{ (ws) = 0.

Therefore, we get a flat deformation when t1te + s1 = 0. Writing (x1,x2,x3) = (w1, ws, ws3).
The deformed algebra over klti, to,t3] is given by :

x% + 1121, x% + toxo, 9652; + t3xs,
k{x1, 2, 373}/ r122 + taw + tixa + tity, xox1, Taw3 + taxs,

r3x2 + toxs, T1x3, T3T1

t1,ta,t3 7é 0 k X (e—e)
t3 =0,t1,12 #0 e— e

t3#0,t1=12=0| kx k[.ﬁlf,y]/(.ﬁb’,y)z
ti=te=1t3=0 |k|z,y, z]/(ac,y,z)2

n=3: 17273t37172"

This is a curve immersed in a three-punctured torus. The boundary components are my, si,
S92, where my is a monogon, s; is a triangle and ss is an 8-gon. The grading is determined by
ls1] = 2 [wn| — [wa + ], so] = 4+ fwi] + Jwa| — 2fws| and [my] = Juws]. We do not give
explicit computations in this case as this is related to the next case by a Reidemeister III move.
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n=3 : 17273717372~

This is a curve immersed in a three-punctured torus. The boundary components are si, so,
s3, where s; is a bigon, s is a triangle and s3 is a 7-gon. The gradings are determined by
|s1] = |wa| + [ws], |s2] = 2+ |wi| — [wa] — |ws|, and s3] = 4 — w].

m3(wi, wy, W) = —wy mg (ws, Wa, w3) = s (W1, wy, Wo) = —1y
mg (W, wa, W2) = —wi m3 (w2, W2, Wo) = m3 (W, wy, W) = —1Ws
mg(wy, W1, w2) = —ws m3 (w2, Wa, W1) = Wy m3 (Wa, wa, Wo) = —1o
m3 (w1, W, w3) = —ws s (wo, Wy, Wy) = Wy M3 (s, Wwa, Wa) = — o
mg(wr, Wi, Wo) = Wo m3(wg, W2, W3) = W3 w3 (w3, wi, W) = —W3
m3 (w1, Wy, W1) = Wy m3(we, W3, w3) = wa mg (3, W, Wy) = —3
m3(wy, W1, W2) = Ws m3 (w3, wy, W) = —ws3 m3 (w3, w3, w3) = ws

m3(wy, Wy, W3) = W3 mg (w3, we, Wa) = —w3 ms (s, ws, Wo) = —o
mg (wy, W3, w3) = w m3 (w3, W3, Wo) = Wo m3 (w3, w3, W) = —Wy
mg(wa, wi, 1) = —ws m3(ws, W3, W2) = Wy m3 (W3, w3, Wa) = —Ws
m3(wy, wa, W2) = —ws m3 (W1, wy, w3) = w3 mg(ws, w3, W3) = —W3
mg(ws, w3, W3) = —w2 m3 (W1, wy, Wo) = —Wo mg (W3, W1, wy) = Ws

mg (w2, W1, w1) = ws m3 (w1, wy, wy) = mg(ws, W3, ws) = Ws

We let b = t1w1 + towsg + t3ws. Turning on the ss-deformation, we additionally get

mo(ws, w3) = spwy, Ma(ws, Wy) = —soW2, Ma(W1,w2) = S2W3
Then, m¥*? is given as follows:
m®(w1) = —t1taws + tit3ws
m[{ (wQ) = t1tow + sot1ws
m[{(wg) = —t1t3w1 — Sot1we
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The deformed algebra over k[t1,ta,t3, sa]/(t1t2, t1ts, t152) is

2 2 2
r] + tix1, x5 + toxe, 3 — t373,

k{3317332,$3}/ 122 + tox1 4+ t1x2, Tox1, T2x3 + t2x3 — Sox1,

r3x2 + toxs, x1x3 — t3x1, T371 + 123

We give the isomorphism types of the algebras occurring in this family.

t1 =0,t9,t3 #0 k X (e—e)

t1 =t2=0,t3#0 o — e

t1:t3:0,t2750 G.*).
tl#o,t2:t3:82:o [ Ry }

ty =ty =t3 = 07 52 7& 0 k{377y}/(3327$y792)

ti=to=t3=s5=0 | k[z,y,2]/(z,y,2)?

n=3: 172t3t1-372~

This curve is immersed in a genus 2 curve with one puncture. The boundary component s is a
12-gon.

m3(wy, wy, W) = —wi m3(ws, Wa, w3) = —w3 m3 (w3, W3, W3) = W3

m3(wy, wa, Wa) = —w1 m3 (wa, Wa, Wo) = Wo m3 (W, w1, Wo) = —Wo
m3 (w1, w3, W3) = —w m3(wg, Wa, W1) = W1 mz (W, wy, W) = Wy
m3z(wy, Wi, wa) = —wy mg(wy, W, Wa) = Wy ma (1, Wy, W2) = — o
m3(wy, Wy, w3) = —w3 m3(ws, Wy, W3) = W3 m3 (W, wy,W3) = —W3
m3(wy, Wy, Wo) = Wo m3(ws, W3, w3) = W m3 (W, w1, W) = —Wa
ms (w1, W1, W) = Wy mg(ws, wy, W) = —ws m3(Wsa, we, Wo) = —Wo
m3 (w1, W, W) = Ws m3(ws, wy, We) = —ws mg(Wa, we, We) = —Ws
m3 (w1, Wy, W3) = W3 m3 (w3, w3, W3) = —ws3 m3 (W3, wy, W1) = —W3
m3(wg, wy,W1) = —w2 m3 (w3, W, w1) = w3 m3 (w3, we, Wa) = —Ws3
m3(wa, wa, Wa) = —w m3 (w3, W3, Wo) = Wo m3 (w3, w3, Wo) = —Wo
m3(wa, w3, W3) = —wy m3(ws3, w3, W) = Wy m3 (w3, w3, W2) = —Wa
m3(wag, Wy, w1) = Wy m3(ws, W3, W2) = Wy m3 (w3, w3, W3) = —W3



We let b = t1wq + tows + tzws. Then, m‘{ is given as follows:

m[{(wl) = —t1towe — t1t3wW3
m?(wg) = t1tow
m} (ws) = t1tzw;

The deformed algebra over k[tq, ta,t3]/(t1te, t1t3) is

2 2 2
r1 +tix1, x5 + toxe, 13 + t323,
k?{56175027333}/ T1T2 + tax1 + t1x2, T2w1, X273 + t2x3,

T3xo + tox3, T123 + t3x1 + t173, T3T1

We give the isomorphism types of the algebras occurring in this family.

t1 = 0,t9,t3 £ 0 k X (o—ve)
t3 #0,t; =t3 =0 o ——e)
ty#0,ty =t3=0 Ce—e
t1 #0,ty =t3 =0 o=
(t1,t2,t3) = (0,0,0) | k[z,y,2]/(2,y,2)*

3 Some variations and further comments

One can easily extend the combinatorial description given here to immersions whose domains
are disjoint unions of circles and intervals. In the latter case, one works with the (partially)
wrapped Fukaya category.

In order to realize a rank r algebra, one can try to take an immersion with 7’ self-intersection
points with » < 7/, but choose the grading so that exactly r — 1 of the self-intersections give
generators in degrees {0, 1}.

It is also possible to work with Z/2Z-graded Fukaya categories. Then, many more compact-
ifications (hence, deformations) become available.

We used a perturbation scheme in order to determine finite descriptions of the A, algebras;
however, our perturbation breaks the cyclic symmetry. For various reasons, it is desirable to
find cyclic As models (cf. [12]).

In this paper, we worked mainly over an algebraically closed field k of characteristic zero. In
fact, all the endomorphism algebras that we computed are actually defined over Z. In particular,
one can ask which low rank algebras are realized over non-closed fields. For instance, we have
seen that all the quaternion algebras over QQ are realized.
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We remark that the irreducible components of the base of the families of algebras that we
constructed are all affine spaces (in particular, they are all smooth).

An obvious next goal is to study immersions with 4 and 5 nodes. The corresponding classi-
fication of isomorphism types of algebras forming the points of Algs and Algg is known. It has
taken us substantial effort to work through all the immersions with 3 or fewer self-intersections,
but part of the difficulty was to figure out a combinatorial model for the A, structure, and
now that’s settled. Thus, glossing over the problem of enumerating all the possible (finitely
many!) polygons contributing to the higher products in a given immersion, we have a finite and
combinatorial problem at hand.
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