DEFORMATIONS OF KALCK-KARMAZYN ALGEBRAS
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ABSTRACT. As observed by Kawamata [13], a Q-Gorenstein smoothing of a Wahl
singularity gives rise to a one-parameter flat degeneration of a matrix algebra.
A similar result holds for a general smoothing of any two-dimensional cyclic quo-
tient singularity, where the matrix algebra is replaced by a hereditary algebra [24].
From a categorical perspective, these one-parameter families of finite-dimensional
algebras “absorb” the singularities of the threefold total spaces of smoothings.
These results were established using abstract methods of birational geometry, mak-
ing the explicit computation of the family of algebras challenging. Using mirror
symmetry for genus-one fibrations [16], we identify a remarkable immersed La-
grangian with a bounding cochain in the punctured torus. The endomorphism
algebra of this Lagrangian in the relative Fukaya category corresponds to this flat
family of algebras. This enables us to compute Kawamata’s matrix order explicitly.

1. INTRODUCTION

The notion of singularity category [4,20] provides a direct way to compare mod-
ule categories of rings of dissimilar nature, such as the local rings of singular alge-
braic varieties and finite-dimensional algebras. Sometimes one can even find an al-
gebra R that “absorbs” [15] singularities of an algebraic variety W, i.e., there exists
a semi-orthogonal decomposition D*(W) = (D%(R), B) such that B C Perf(W).
The algebra R is typically presented as the endomorphism algebra of some object
in D?(W), such as a vector bundle on W. The goal of this paper is to demonstrate
that homological mirror symmetry can help to compute the algebra R explicitly.

Consider a cyclic quotient singularity A?/u,., where the primitive root of unity
¢ € pr acts on A? with weights (¢, (%), and a and r are coprime. This singularity,
denoted by 1(1,a), is absorbed, after an appropriate compactification, by an r-
dimensional algebra R, , called the Kalck-Karmazyn algebra [9,11].

For example, the singularity ;(1,1) (the cone over the rational normal curve
of degree 4) is absorbed by the 4-dimensional algebra Ry 1 = klz,y, z]/(z,y, 2)*.
In general, we show that R, , has a simple multiplication table; see Corollary 1.3.

A singularity of dimension n 4 1 can be viewed as the total space of a deforma-
tion of an n-dimensional singularity. The notion of categorical absorption is mod-
ified so that R is now a B-algebra, where Spec B is the base of the deformation.
The algebra R was constructed for general deformations of %(1, a) in [24]. Itis
flat over B and has the Kalck-Karmazyn algebra R, , as the special fiber. Its gen-
eral fiber is Morita-equivalent to the path algebra of an acyclic quiver. The proof
is based on [13], which studied the following special case: the singularity is Wahl,
ie,r=n?anda =ng—1for coprime n and ¢, and the smoothing is Q-Gorenstein,
meaning the relative canonical divisor is Q-Cartier. In this case, it turns out that
the deformation is absorbed by a matrix order. Recall that a matrix order over, say,
B = k[t], is a flat B-algebra R such that R ® g K = Mat,,(K), where K = k(t).
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Example 1.1. Let R C Mato(k[t]) be a subalgebra given by elements of the form
|: aop tag :| (1)

tay tas + ao

where a; € k[t] for i = 0,1,2,3. It can be verified that R is an order which gives
a flat deformation of the 4-dimensional algebra Ry 1 = k[z,vy,2]/(z,y, 2)%. In fact,
this order corresponds to the Q-Gorenstein smoothing of the singularity 1(1,1).

One of our main results is the calculation of a matrix order R,z ,,_1, which
corresponds to the Q-Gorenstein smoothing of any Wahl singularity 5 (1,nq — 1).
Before describing this order, we first explain our geometric approach.

In Section 2, we compactify the singularity 1(1,a) using a projective surface W
and review the construction of a remarkable vector bundle F on W of rank r, called
the Kawamata vector bundle. The Kalck-Karmazyn algebra R, , is defined as the
endomorphism algebra End(F'). It is an r-dimensional k-algebra. The Kawamata
vector bundle deforms to the vector bundle F on the total space W of any defor-
mation of W, producing a flat family R = End(F) of r-dimensional algebras.

To apply mirror symmetry, we choose a compactification W that contains an
anticanonical divisor ¥ = AU B, a curve of arithmetic genus 1. The components A
and B, both isomorphic to P!, intersect at the singular point P of W as the orbifold
coordinate axes of A?/yu, and at a smooth point @ transversally (see Figure 1).
We reduce the computation to E by showing, in Lemma 2.2, that R,. , = End(F|g).

A
%(l,a.) >‘<B> < S

FIGURE 1. The divisor E and its mirror, the two-punctured torus T,

Instead of computing End(F|g) directly in the perfect derived category Perf(E),
we use homological mirror symmetry. By our construction, £ is a cycle of two pro-
jective lines, where the irreducible components meet transversely at two points.
We write E,, for the curve with n irreducible components, each isomorphic to P*,
such that the intersection complex is an n-gon. Homological mirror symmetry for
E,, was proven in [16] (and alternatively in [17]) as an explicit quasi-equivalence
between the split-closed derived compact Fukaya category of the n-punctured
torus T,, and the perfect derived category of E,:

F(T,) ~ Perf(E,). 2)

Definition 1.2. The Kawamata Lagrangian K, , € F(T;) is the mirror Lagrangian
of the vector bundle F'|g € Perf(E;) under homological mirror symmetry.

In our calculations with Fukaya categories, we will always assume that n > 1.
Since the symplectic surface T,, is punctured at least once, its symplectic form is
exact, w = dA, and we use the exact Fukaya category as defined in [23]. The ob-
jects of F(T,,) are connected, compact, and exact Lagrangians L (i.e., A|L is exact)
with a choice of brane data (spin structure, a U(1)-local system, and grading data).
Changing the spin structure or local system on L in F(T,,) corresponds to tensor-
ing the corresponding complex in Perf(E,,) with a topologically trivial line bundle
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(equivalently, one of degree 0 on all irreducible components of E,), while chang-
ing the grading data corresponds to a shift in the triangulated category. In our
illustrations of Lagrangians, we choose a closed curve from every homotopy class
to represent the unique (up to Hamiltonian isotopy) exact Lagrangian in that class.

The Kawamata Lagrangian K, , is computed in Theorem 2.4 and illustrated in
Figure 2, where b is the inverse of ¢ modulo . We represent a 2-torus as a rectangle
with opposite sides identified. Note the two punctures near the NW corner.

@)
(]

_—

FIGURE 2. Kawamata Lagrangian K, , (here r =16, a = 3, b = 11)

Thus, by the definition of K, ,, we have that End(K, ) is isomorphic to the
Kalck-Karmazyn algebra R, ,. While we are mostly interested in deformations of
R, ., our study also yields a simple multiplication table for the algebra R, , itself,
which was previously unknown. We find this description of R, ,, provided below,
easier to work with than its presentation by generators and relations [9, p. 3].

Corollary 1.3. The Kalck—-Karmazyn algebra R, , has basis w; for i € Z, and product

®)

wj4; if a certain condition is satisfied

ww,; =

Wi .
0 otherwise.

To explain the condition, let v : Z* — Z, be a homomorphism (i, j) — j — bi mod r
and consider a sublattice I' = Ker(y) C Z*. We plot points of T as orange dots, as
they correspond to the orange puncture (see Figure 2) in the universal cover of the torus.
Consider the biggest Young diagram in the first quadrant with the bottom left corner at
(0,0) that does not contain orange dots in its interior. We fill every box of this Young
diagram with the number (i, j) € Z,, where (i, j) is the bottom left corner of the box.

To compute the product w;w;, we locate the box filled with j (resp.,with i) in the bottom
row (resp., left column) of the Young diagram. If the smallest rectangle containing these
boxes is contained in the Young diagram, then wjw; = wj,;. Otherwise, wjw; = 0.

This description of the Kalck-Karmazyn algebra R, , arises from our analysis
of holomorphic polygons with boundaries on the Kawamata Lagrangian.
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Example 1.4. Suppose r = 9 and a = 2. Then b = 5. From the Young diagram, the
non-trivial products in Ry 2 are wyw; = ws, waws = wg, waws = wr, and wi = ws.

S = N W k= U & N @

8
7
6
5
4 8 3 7 2 6 1 5 - r=9a=2

Example 1.5. a = b = r — 1 or a = b = 1 are the only cases when R, , is a
commutative algebra. Below, the first case is illustrated on the left and the second

case on the right (for r = 7). In the first case, w;w; = w;; if and only if j4i < rand
so R, 1 = Z[t]/t" via an isomorphism w; — t'. In the second case, wjw; = w;4;

ifand only ifi =0 orj =0and so R, 1 = Z[wi,...,wr—1]/(w1,...,wr—1)>
6 6
5 6 5
4 5 6 4
3 456 3
2 3 45 6 2
1 2 3 45 6 1 R
0 1 2 3 456 : 0 6 543 21

Remark 1.6. The lattices I' of orange dots for singularities 2(1,a) and 1(1,b),
where, as above, b is the inverse of ¢ modulo r, are clearly symmetric with re-
spect to the diagonal y = x. It follows that the algebras R, , and R, ; are opposite
algebras. This was also observed in [10, paragraph after Prop. 6.7].

In Section 3, we study deformations of the Kalck-Karmazyn algebra R, , by
endowing the Kawamata Lagrangian K, , with appropriate bounding cochains
and computing the endomorphism algebra in the relative Fukaya category.

An obvious way to obtain a deformed object from K, , is to view it as an object
of the relative Fukaya category F (T, s), which deforms F(T5), where the black
puncture becomes a compactification divisor s. This relative category has objects
represented by the same Lagrangians as in F(T3); however, the A, structureis de-
formed due to new contributions from holomorphic polygons passing through s.

Because of the existence of bigons with boundary on K, , passing through s,
this naive attempt does not yield a deformation that keeps the rank of End(K.,.,)
constant. The idea is salvaged by equipping the Lagrangian K, , with a bounding
cochain b € CFI(Kr,a,Km) in F(Ty,s). The coefficients of b and the deforma-
tion parameter s must satisfy a non-trivial equation to achieve a constant rank
deformation. One of our main observations is that different choices of bounding
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cochains satisfying the constant rank condition correspond to the irreducible com-
ponents of the versal deformation space of the cyclic quotient singularity (1, a).
This idea is made precise in Conjecture 1.9 below.

On the algebro-geometric side, we study deformations of the algebra R, , to a
flat A-algebra R = End(F), where F is a deformation of the Kawamata vector
bundle F' to a deformation W of an algebraic surface W over the base Spec A.
To apply mirror symmetry for genus-one fibrations, we assume that the divisor
E C W deforms to a divisor £ C W such that a general fiber £, of the genus-one
fibration £ has one node. Starting from the divisor £ = E5 on W (see Figure 1), we
obtain the divisor £ = E; by smoothing the black node P, where W is singular,
while retaining the orange node (), where W is smooth.

We show that R = End(F|¢). This suggests the following strategy: first, com-
pute deformations of the vector bundle Fi to the total space £ of the fibration. The
versal deformation space Def,, /¢ is smooth over Spec A with fibers isomorphic to
Ext!(Fg, Fg). In contrast to deformations of the Kawamata vector bundle on the
algebraic surface, the endomorphism algebra of an arbitrary deformation of the
vector bundle F'g is typically not A-flat, since a deformed vector bundle will typi-
cally have an endomorphism algebra of smaller dimension than R, , = End(Fg).

Definition 1.7. Let V be a universal vector bundle on & x 4 Defr, /. We consider
a closed subset Def{l):E /e C Defp, /e (with a natural subscheme structure) such that
D € Def%E /¢ if and only if dim End(V,) = dim End(Fg) (the maximal possible).
The family of algebras End(V,) is a flat family of finite-dimensional algebras over
Def}. /¢ providing a deformation of the Kalck-Karmazyn algebra R, , = End(F).

Remark 1.8. One can formulate a more general problem, which can be investi-
gated using similar methods: given a flat family of curves £ of arithmetic genus 1
and a vector bundle V' on the special fiber, investigate the locus of deformations V
of V to the total space &£ such that End(V) provides a flat deformation of End(V").

A small nuisance is that an algebraic surface £ can have a singularity (of type A;)
at the node P of the special fiber E, which depends on the deformation of W.
In Section 3, we will explain how one can pass to the deformation & of E that is
smooth at P. Ignoring this minor difference between fibrations £ and &, we have
a factorization of the map of versal deformation spaces

Def pcwy — Def%E/éo — Defg, ,

that maps a deformation of an algebraic surface to the deformation F|¢ of the
restriction of the Kawamata vector bundle F'|g, which in turn is mapped to the
deformation R = End(F|¢) of the Kalck-Karmazyn algebra R, ,. The versal
deformation space Def gy has several irreducible components indexed by P-
resolutions of singularity 2(1,a) (Kolldr-Shepherd-Barron correspondence [14]).
If (¢ C W) is a general deformation within a fixed irreducible component of
Def(pcw), then the general fiber R; of the family of algebras R is a hereditary
algebra by [24]. In particular, irreducible components of Def gy ) are mapped to
uniquely defined components of Defr, ,. However, even in the simplest examples,
Defg, , has many other irreducible components. In contrast, we believe that

Conjecture 1.9. The map Def pcwy — Def{}E /& 1s an isomorphism. In particular, these
deformation spaces have equal number of irreducible components.

We have verified this conjecture for » < 32. It shows that every deformation
of the Kalck-Karmazyn algebra R, , corresponds to some deformation of an alge-
braic surface W as long as the deformation of R, , is captured by a deformation
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of the vector bundle F'|g to the genus 1 fibration. Thus, our dimension reduc-
tion from W to E does not lose any information. We compute the subscheme
Deff, /& and the flat family of finite-dimensional algebras End(V,) over it explic-
itly in Corollary 3.5. As mentioned above, we use mirror symmetry for the family
of genus one curves £ given by the relative Fukaya category F(Ti, {s}), where
we re-interpret the black puncture as a divisor {s} C T, of the 1-punctured torus.
We finish Section 3 with many explicit examples of the scheme Def}, /&

Finally, in Section 4, we compute the bounding cochain for the Kawamata La-
grangian K> ,,,_; of the Wahl singularity that corresponds to its Q-Gorenstein
smoothing. This allows us to compute the Kawamata matrix order. We give an
explicit formula suitable for computer implementation.

Theorem 1.10. Let R = R,2 ,,q—1 be the matrix order that absorbs the Q-Gorenstein
smoothing of a Wahl singularity 2 (1,nq — 1). The total space of this smoothing is a
threefold terminal singularity L (1,—1,q). The algebra R admits a k[t]-basis {witiez »
and an embedding R — Mat,, (k[t]), which maps an element > apwy € R (here the

k€EZ, 2
coefficients a;, i € Zyz2, are in k[t]) to a matrix A € Mat,, (k[t]) as follows. If i < j then
Aij = Z traj_i+Tn +
r=0,...,n—1
rn' < fing]

[ing) +i < rn + pipin ([knq] + k)

§ : -1
t" Aj—itrn—n-

—1,...

rn > [znq]

[ing] +i > rn — n? + max. ([knq] + k)
n?

ling] +i> (r — Dn—n®+ m

Ifi > j then

Ay =— Z t"a;itrn-

r=1,...,n
rn > [ing)
ling) + 4> rn — n? + max [knq] + k)

Finally, if i = j then

Aii = ap — Z tTCLTn.
r=1,...,n—1
rn > [ing]
The formula in Theorem 1.10 appears complicated, but we will show that it
encodes simple manipulations with rectangles in Z?. Investigating them further
reveals interesting symmetries of the order, for example the following fact.

Proposition 1.11. The order over A from Theorem 1.10 extends to the order over P*

(with an underlying vector bundle Opr & Opi (—n)™ ~1.) such that the fiber of the order
over oo is also isomorphic to the Kalck—Karmazyn algebra R,> ,q4_1.

We write down Kawamata’s order embedded into the matrix algebra for small
values of n and ¢q. For n = 2 and ¢ = 1, see (1).

Example 1.12 (n = 3, ¢ = 1).

71520,6 +ao tas+ ar t2a8 + tas
—t3a8 ao t2a7
—tay —tas —t2a6 — tas + ag
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Example 1.13 (n = 3, ¢ = 2).

ao t2a7 + tag tQag
—t2a5 —t2a6 + ag tay
—tay —t2a5 — taz —t2a6 — ta3 —+ ao
Example 1.14 (n = 4, ¢ = 1).
3 2 3 2
—t“a12 — t“as + ao tas + ay tag + az t a5 +t%a11 + tar
—tta1s — t2ann —t3a12 + a0 t?ag + tas + a1 t3a14 + t2a10
—t4a14 —t4(l15 ao t3(l13
—tay —tas —tas —t3a12 — t2a8 —tag + ao
Example 1.15 (n = 4, ¢ = 3).
ao t3ay3 + t2ag + tas t3a14 + t2a10 t3ars
—t3a; —t3a12 + ao t2ag + tas t2a10
—t2a5 —t3a11 — t2a7 —t3a12 — t2a8 + ap tas
—tay —t2a6 - ta2 —t3a11 - t2a7 - ta3 —t3a12 — t2a8 — taqg + ag
Example 1.16 (n = 5, ¢ = 1).
—ttaze — t3as — t2ay0 + ag tag + a1 tar + az tag + a3 thagy + t3a1g + t2a1q + tag
—tPagy — ttajg — t3ary —ttagg — t3a15 +ag a1 + tag + a1 t2a1o + tar + az tYags + t3a1g + t2arg
*tsazs_*f‘lals —t%az4 — ttaqg —t*az0 + ag t3are + t2a11 + tag + a1 t*ags + t3ar7
—tPags —t%asg —tPagy ag ttao;
—tay —tas —tag —tay —ttagy — t3ars — t2a1g — tas + ag

Example 1.17 (n = 5, ¢ = 2).

[—t*az0 — t3a15 +ag  t2a11 + tag + a3 t3a17 + t2a12 + tay t3a1g + t2a13 + tag tYasg + t3arg + t2ars
—tPagy ag ttag + t2aye ttags + t2ayy taz3
—t2ag —t2ag —ttasg — t3a1s — t2a10 + ao tag + a1 tar
—ttay7 —thayg —tPass — ttayg —t*asg + ag t3ayg

L —tay —tas —t%ag — tag —t2ag — tay —ttagg — tPays — t2ajo — tas + ag

Example 1.18 (n = 5, ¢ = 3).

M —ttazo + ao t3aig + t2ay; t2arr + t2a12  thags +t3a1s + t2a1s tYasy + t3ae
—t3a14 — tzag —t4a20 — t3a1(5 - tzalo + ag tag + a1 t2012 + ta7 + az t2013 + tag
—t’az3 —t’azy ag ttagy + t3a1s + t2a1y ttay
: : a : 2
—t3a1s —t3ayg —t3ayy —ttagy — t3a15 + ag ta1y
L —tay —tas —tag —t3a14 — t2ag — tay  —t*asg — t3a15 — t2a10 — tas + ag

Example 1.19 (n = 5, ¢ = 4).

ag ttagy + t3are + t2a11 + tag  trass + t3ar7 + t2ajs t*ass + t3ars thagy
—t4a19 —t4u20 + ap t3a1s + tzall + tag t3a17 + tzalz t3a18
—t3a13 —tta1g — t3aiy —ttasg — t3ais + ag t2a1y + tag t2a1s
—t2ay —t3a15 — t2ag —tta1g — t3a1y — t2a9  —tdagg — t3ai5 — t2a10 + ag tag
—tay —t2a7 — tas —t3a13 — t2ag — tas —tlag — t3a14 — t2ag — tay  —ttasg — t3a1s — t2a10 — tas + ag
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2. KAWAMATA LAGRANGIAN

Fix coprime integers 0 < a < r and consider a cyclic quotient singularity (1, a).
We will compactify it by a projective algebraic surface W with a unique singular
point P that contains an anticanonical divisor £ = A U B, a curve of arithmetic
genus 1, such that A = B = P! intersect at P as orbifold coordinate axes of A2 /1o
and at an additional smooth point () transversally (see Figure 1). There are other
compactifications [24], but IV is the most convenient one for explicit calculations.
See Remark 2.5 below for an explicit construction of W.

The projective algebraic surface W carries a remarkable vector bundle F' de-
fined as the maximal iterated extension of the ideal sheaf Oy (—A) by itself ([12]).
We call F' the Kawamata vector bundle. To wit, consider a sequence of sheaves
{F%};>0 defined iteratively as follows: First, let F° = Oy, (—A) and then construct
non-trivial extensions 0 — Oy (—A) — F* — F'~1 — 0 until we arrive at ' = F™
such that Ext*(F™, Oy (—A)) = 0. Kawamata showed that if a maximal iterated



8 YANKI LEKILI AND JENIA TEVELEV

extension exists, then the resulting sheaf F' is the versal noncommutative defor-
mation of Oy (—A) in a certain sense, hence is unique. Existence of F' was proved
in [11]. Furthermore, it is known that F is locally free of rank r [11, Prop. 6.7].

Definition 2.1. The algebra R, , = End(F') is called the Kalck-Karmazyn algebra.
One can reconstruct R, , from the restriction of the vector bundle F to E:
Lemma 2.2. R, , = End(F') = End(F|g) via the restriction o — o|g.

Proof. Equivalently, we claim that H(W, F* ® F) = H°(E, F* ® F|g) via the re-
striction. Indeed, this follows from the short exact sequence

0> F'QF(-E)=F"®F - F"®F|g—=0

by applying the long exact sequence of cohomology and using an isomorphism
F*® F(—E) = F* ® F ® wwy, Serre duality for F* ® F ® wy, and the formula
Ext®(F, F) = 0 for k = 1,2, which was proved in [11]. O

By Lemma 2.2 and homological mirror symmetry (2), the Kalck-Karmazyn alge-
bra R, , is isomorphic to the endomorphism algebra End(K, ,) in the Fukaya cat-
egory F(T3). Here, T, is a symplectic torus with two punctures: a black puncture
that corresponds to the singular point P € W, and an orange puncture that corre-
sponds to the singular point Q) of Ey. The latter is a smooth point of W (see Fig-
ure 1). The algebra End(K,. ,) and its deformations will be studied in later sections.
The goal of this section is to compute the Lagrangian K, , explicitly.

Notation 2.3. Let b be the inverse of a modulo r.

Theorem 2.4. The Kawamata Lagrangian K, , is shown in Figure 3 in two equivalent
ways. It has r — 1 self-intersection points, which we label by elements of Z, \ {0}.

= b
6 fk{

L % B }&

FIGURE 3. Kawamata Lagrangian K, , (here r =16, a = 3, b = 11)

The proof occupies the rest of this section. We will use a different construction
of the Kawamata bundle F' from [9], which we are going to recall. Consider the
minimal resolution W™ of the projective surface W. The preimage of the sin-
gular point is a chain of rational curves I'y,..., Iy C W™ with self-intersection
numbers —by, ..., —b; such that by, ..., b, > 2 (see Figure 4.)

Remark 2.5. An explicit model of W™ can be constructed as follows: start with
a rational elliptic fibration with a 1-nodal fiber, blow up the node ¢ + 1 times to
create a cycle of ¢ 4 2 projective lines, then blow-up disjoint smooth points on ¢ of
the irreducible components to create a chain I'y, ..., I'; as above. Contracting the
chain gives a projective surface W that satisfies Assumptions 1.10 of [24].
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n

B [, proper transform of A

FIGURE 4. Minimal resolution W™ of the projective surface W

Definition 2.6. There is an exceptional collection on W™" of the line bundles

Ly=0(-To—T1—...—TI4), ..., L1 = O(-To —TI'1), Lo = O(=Tp). (4
Lemma 2.7. Let Eyyo = TgU...UT1 C W™, Let L be a line bundle on Eyyo of
multi-degree (1 — &£,0,0,...,0,1), where & = T3. Under mirror symmetry, the mirror

Lagrangians L, . .., Ly € F(Ty2) of the line bundles L ® Lo|g,,, ..., L ® L¢|g,., are
illustrated in Figure 5 (for t = 3). Concretely, each Lagrangian L, winds b; — 2 (resp.,
b; — 1) times between the punctures P;_y and P; for j < i (resp., j = i). We endow these
Lagrangians with bounding spin structure, trivial local system and standard grading.

L

w

L

—
O

FIGURE 5. Lagrangians Lo, ...,Liy1 € F(Ti42).

Proof. The line bundles L ® Ly|g,,,, ..., L ® L¢E,,, have the following degrees on
irreducible components I'y, . .., I's41:

0 ifj>i+2
-1 ifj=i+1
by—1 ifi=j>1
by —2 ifi>j>1
0 ifi>j=0
~1  ifi=j=0

(Le® L) T;=
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We can choose smooth points ¢; € I'; fori = 0,...,t 4 1 so that

L& Lilg,,, = O(=qis1 + Y _ aijqy). ©)
J<i
fori =0,...,t and for some integer coefficients a;;.

The mirror of the curve E; 5 of arithmetic genus 1 is a torus T2 with t4+2 punc-
tures illustrated in Figure 6 along with the mirror Lagrangians [Og,,,] and [O,, ]
corresponding to O, , and the skyscraper sheaves O,,, where ¢; fori = 0,...,t+1
are choices of smooth points on each P! component. We choose these points
so that (5) holds. Line bundles on E;;, of the form O(} a;q;) are obtained by
twisting Op,,, by twist functors Tp, which on the symplectic side are given
by Dehn twists around the vertical Lagrangians [O,,]. For example, a line bun-
dle O(g+1), which restricts to O(1) in the (¢t + 1)-component and to O on the
other components fits in to an exact sequence 0 — O — O(qi41) — Og,,, — 0.
The corresponding Lagrangian [O(q;41)] is obtained by twisting the Lagrangian
[O] around the Lagrangian [O,, ] by a right handed Dehn twist as shown on the
right side of Figure 6. We use formula (5) and apply Dehn twists repeatedly to

construct Lagrangians Lo, . .., L; of the lemma. O
[Oqo] [Oq,] [OQtJrl] [O(gt+1)]
Y Y Y
o --- 0 0/o0oj]|0 - O 0|0
OB, ]
> \

FIGURE 6. Punctured torus T, with oriented Lagrangians cor-
responding to various perfect sheaves on E .

Proof of Theorem 2.4. By [9] (based on results of [8]), the Kawamata vector bundle
on W is isomorphic to the push-forward of a certain vector bundle F, on W™,
which is the first term in the sequence of vector bundles Fy,..., F; on W™,
Concretely, F; = L, and, for i = 0,...,¢ — 1, the bundle Fj is the universal ex-
tension of F;, by L;, i.e. we have a short exact sequence

0— Eth(Fl'+1, Ll)* L, — F;, — FiJrl — 0. (6)

Lemma 2.8 ([9]). We have dim Ext' (Fit1,L;) =1k F; — vk F; 11 and

rk F; 1
=0i41 — 71 >
rk Fi4q " bito — _11%
t
where tk F; and tk F; 1 are coprime, —by, ..., —by are self-intersections of the exceptional

curves in the minimal resolution W™ of W, and

1

SR S
by — ——

by

:bl

r
a
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Let IF; be the Lagrangian in T, » corresponding to the vector bundle F;|g,,, ® L
(here L is a line bundle from Lemma 2.7). We investigate the sequence of La-
grangians Fo, ..., F; inductively. Since (4) is an exceptional collection, an argu-
ment similar to the proof of Lemma 2.2 shows that

Ext’ (Fij1, Li) 2 Ext! (Fiqal B, Lilg,.s)
for every j. In particular, F;|g, , is determined inductively by an exact sequence
0— Eth(Fi+1‘Et+2ﬂLi|Et+2)* Y Li‘EHz - Fi|Et+2 — Fi+1|Et+2 — 0. (7)

Tensoring (7) with a line bundle L of Lemma 2.7 and applying mirror symme-
try, shows that the Lagrangian F; is determined recursively by the exact triangle
Ext!(Fip1,Ls)* @ Ly — F; — Fipqin F(Tigo).

Lemma 2.9. The Lagrangian [F; can be constructed as follows: repeat the Lagrangian
L; as many times as the dimension of Extl(FiH, L;) (computed in Lemma 2.8). Then
perform the surgery illustrated at the top of Figure 7, where the Lagrangian LL; is in blue

FIGURE 7. Surgery on Lagrangians

and the Lagrangian ¥,y is in magenta. For aesthetic reasons, instead of repeating the
Lagrangian IL;, we instead draw a thick “band” of curves as at the bottom of Figure 7.

Proof. This follows from [1, Lemma 5.4]. O

To simplify the analysis, we now restrict to the case ¢t = 3 but the algorithm is
the same for any t. We start with F3 = L3, draw rkFy — rk[F3 = b3 — 1 copies
of the “blue” Lagrangian LL; and first construct and then simplify the Lagrangian
Fy using Lemma 2.9 as illustrated in Figure 8. Next, we draw rkF; — rkFy =

P w2 )

FIGURE 8. The mirror Lagrangian [, of the vector bundle F5.

babs — bs — 1 copies of the “red” Lagrangian LL; and construct (and simplify) the
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FIGURE 9. The Lagrangians Iy (left) and Fy (right.)

Lagrangian F; illustrated in Figure 9 (left side). Finally, we draw rkFo, — rkF; =
b1babs — babsz — by — bz + 1 copies of the “green” Lagrangian Ly and construct (and
simplify) the Lagrangian F illustrated in Figure 9 (right side).

It remains to observe that the vector bundle Fy|g, ., is a pull-back of the Kawa-
mata vector bundle F|. Under mirror symmetry, this means that the Lagrangian
K., on the two-punctured torus that corresponds to the Kawamata vector bundle
F|g (tensored by L) is obtained from the Lagrangian Fy by combining all non-
orange punctures into one black puncture. Slightly simplifying Figure 9 shows
that this Lagrangian K, , is the same as the one from the right side of Figure 3. O

The following corollary is straightforward.

Corollary 2.10. The complement of K, , in the torus is the union of rectangular (in
other words, four sided) regions, except for one hexagonal region (which contains an
orange puncture) and two triangular regions (one of which contains a black puncture).
In Figure 10 we draw the region formed by combining the hexagonal and triangular
regions', the Gauss word formed by following the Lagrangian until all self-intersection
points are counted twice, and the universal cover of the torus with the preimage of K, ,.

N\r-1 | .
AAANEERAAREERYAD

r-2 b+1 1 -b+1 14 b3 Is izl b hiz i b6 i s _lioyisfa Jo
— 13 1207 Bofi Bs D \ULs ho\ishs Io hiabs |8
-1 12 |1 J6 fin 1oYi5]a o fials s Jsl2 |7
— i \Us fioYisk fo lials Is lizlo b7 Tio i s
b b oY15]4 Jo Jials I8 fi32 |7 Jia s fo fu s

. o bals 1s 1l 1216]1\ 5 Ji0)is]4

B lsl2 b il o Ju s foYis]s bo fials

o Ts fi s foNiske fo Jials s Jis

6 11i \Us_lioYisls fo hials I8 lisl2 7 hia |1

3 b-1 r-1 -b-1 5 fioYis]a fo Jials Is fizl2 Iz o]t o Jus
4 o lials Is [l b7 fiofi de b s Jio\is

2 3 s ls e b Lol I fin s foViske [o fie
P 2 173 Pl /3 LN I Y 7 G [ EM PR

1 1 e D \Us lio\is b o Lialz Is Dizlo b |12
k|-b 1-2b 1-3b 13b |2b |b A s fioisls fo fials Is fsl2 |7 121|5_R\_

FIGURE 10. The union of non-rectangular regions, the Gauss
word, and the universal cover (for r = 16, a = 3,b = 11.)

ISee Definition 3.3 for an explanation of the markings ¢ and e.
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3. DEFORMATIONS OF LAGRANGIANS AND THEIR ENDOMORPHISM RINGS

As in Section 2, let Fr be the restriction of the Kawamata vector bundle F' to
the divisor & = FE; of the projective algebraic surface W with a cyclic quotient
singularity 1(1,a). In Theorem 3, we found the mirror Lagrangian K, , € F(T)
of Fr. We will study the endomorphism algebra R, , of K, , and its deformations.

The motivation comes from the study of flat deformations (£ C W) of the pair
(E C W) over a smooth curve germ Spec A. Let ¢ € A be a local parameter.
We assume that a general fiber W; is a smooth projective surface but its anti-
canonical divisor £; has one node. From the divisor £ = E5 of W (see Figure 1),
we obtain the divisor & = E; of W, by smoothening the black node P € E but
retaining the orange node Q € E.

As explained in [24], the Kawamata vector bundle ' on W deforms uniquely to
a vector bundle F on W and the Kalck-Karmazyn algebra R, , = End(F') deforms
to a A-algebra R = End(F), which is a free A-module of rank r. The A-algebra R
depends on the deformation of (E C W). Concretely, the versal deformation space
Def(gcw) has several irreducible components, which are all smooth and classified
in [14] (Kollar-Shepherd-Barron correspondence).? If (£ C W) is a general defor-
mation within a fixed irreducible component of Def 1), then the general fiber
R of the family of algebras R is a hereditary algebra by [24] (equivalently, R; is
Morita-equivalent to a path algebra of a quiver without relations).

We would like to compute the A-algebra R explicitly. Our idea is to use the
following formula, which can be proved in the same way as Lemma 2.2:

R = End(F) 2 End(F|e). )

In this section we focus on computing the closed subscheme Def%E se C Defpy /e
(see Definition 1.7) and the flat family of finite-dimensional algebras End(V,) over
it that provides a deformation of the Kalck-Karmazyn algebra R, , = End(Fg).

Remark 3.1. A minor nuisance is that an algebraic surface £ can have a singularity
at the node P of the special fiber E of type A;,—1, £ > 1. We have a finite base
change cartesian diagram

& S &

| | .

Spec A —— Spec B
where B C Ais a subring with local parameter s = t* and & is a versal deformation
of P € E (equisingular at ) € E.) The total space of & is smooth at P. Since
Def%E/g C Defp, /¢ is a base change of Def%E/g C Defr, e, in this section we will
do all calculations on & and worry about the finite base change later.

Remark 3.2. Note that irreducible components of Def%E /& are not necessarily
smooth over Spec B. So 1-parameter deformations of R, , contained in these com-
ponents are not necessarily parametrized by s € B but may require a finite base
change (such as t € A).

In the remainder of this section, we will describe the closed subscheme Def%E /&
and the family of algebras End(V,) over it using homological mirror symmetry for
the family of genus one curves &. The answer is given in Corollary 3.5.

2These results are usually stated for the versal deformation space Defy, of all deformations of the
surface W, which generally do not induce a deformation of the anticanonical divisor £ C W. But an
extension of these results to deformations of the pair (£ C W) is well-known, see e.g. [24, Lemma 3.2].



14 YANKI LEKILI AND JENIA TEVELEV

Recall that that the mirror of F is an immersed oriented Lagrangian K, , on a
symplectic torus Ty with two punctures (orange and black) equipped with brane
data (bounding spin structure, trivial local system, and standard grading).
In the previous section, we worked with the exact Fukaya category of T as de-
fined in [23], which provides a mirror for E,. In this section, we re-interpret the
black puncture as a divisor {s} C T; on a one-punctured torus. The computa-
tions will take place in the relative exact Fukaya category F(T1, {s}), which pro-
vides a mirror for the family of genus 1 curves & — Spec B. Indeed, [16] estab-
lishes mirror symmetry for the Tate family of curves T, — Spec Z][t1, t2]], which
is the total space of the versal formal deformations of the special fiber E; (see
[16, Section 2]). The main result [16, Theorem A] establishes a quasi-equivalence
F(T,{s,0}) ~ Perf T, over Z[[t1, t2]], where the left-hand-side is the split-closed
derived Fukaya category of the compact torus T relative to compactification divi-
sor given by 2 points {s,0}. Note that T \ {s, 0} = Ts. In the relative Fukaya cate-
gory 1 (resp. t2) is a formal parameter keeping track of the intersection number of
holomorphic polygons with s (resp. 0). The family of genus 1 curves & — Spec B
corresponds to the subfamily (t2 = 0), where the curve Ey deforms to a curve E;
by smoothing a black node P and retaining an orange node () in Figure 1. The
techniques used in the proof of Theorem [16, Theorem A] apply directly in this
case to give the quasi-equivalence over B,

F(Ty,{s}) ~ Perf &. (10)

Here T, is once-punctured torus, D = {s} (formerly known as a black punc-
ture) is a divisor with respect to which we study the relative Fukaya category
and & — Spec B is the family of nodal curves where the special fiber is the E,
and general fiber is F4, the nodal rational curve. The A.-category F(T1,{s}) is
B-linear. The A,-operations are given by counting holomorphic polygons with
boundaries on Lagrangians, but the contribution of each polygon u comes with a
weight smt(u-{s}) (See [16] for more background on relative Fukaya categories.)

We can view the Kawamata Lagrangian K := K, , as an object of (T, {s}),
which is a mirror of some deformation of the Kawamata vector bundle F; to a
vector bundle on &. We start by computing the A-algebra (o7, {m;};>1) of en-
domorphisms of K as an object in F(T1, {s}). We follow the sign conventions as
given in [23, Ch. 1]. Recall that an A -algebra </ over a commutative ring B is
a Z-graded B-module with a collection of B-linear maps m; : &% — &7/[2 — i
for i > 1, where the notation 27[2 — i] means that m; lowers the degree by i — 2.
These maps are required to satisfy the A-relations:

Z(fl)lalH"'Haﬂ'lfjmi_k_,_l(ai, e gk, ME (@ e, Gj41), GGy a1) = 0.
jok
The cohomology with respect to m; is an associative algebra with the product:
azay = (=1)1my(az, a1).
The underlying complex of (o7, {m;};>1) is the Floer cochain complex given as a
B-module by
CF(K,K) = hom’(K,K) ® hom' (K, K), where

r—1 r—1
homO(K, K) = Bwy @ @ Bw; and hom! (K,K) = Bwy & @ Bw;.
i=1 i=1
Definition 3.3. For i # 0, we associate a pair of generators w;, w; with each self-
intersection point of the Lagrangian K. The generators e = wy and ¢ = wy, placed
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as illustrated in Figure 13, correspond to the minimum and the maximum of a
Morse function chosen on the domain of the immersion of the Lagrangian.

Theorem 3.4. The A-algebra (. ,,{m;}i>1) has the following products:
(1) Fori=0,...,r—1,

m2(wi,w0) = w; = m2(w07wi)

mo(W;, wo) = w; = —mg(wo, W;)
Mo (W;, w;) = Wo = —mag(w;, W;)
(2) Foreachi # 0,
m3 (W;, wi, W;) = —W;
m3(W;, w;, Wo) = —Wo

mg(w;, Wi, Wo) = Wo

(3) For each sub-interval (z,y) of the Gauss word (see Figure 10)

Wr—1,Wr—2, ..., W1, W—p, W-2b;--.,W_(r—-1)b;
ms(y,z,x) =y, mg(Z,x,y) = —y if both x and y are in {—b, —2b,..., —(r — 1)b},
m3(x,Z,9) =7, ma(y,z,z) =—y fze{r-1,...,1} and y € {-b,...,—(r — 1)b},

m3(y,x, %) = -y, mg(x,Z,y) = —y if both x and y are in {r — 1,7 —2,...,1}.
(4) Products that correspond to ‘visible” polygons are described in Figure 11.

J L (ueltoll(\)&) ")

J L — 5
M,,(.,,,‘, o 40,\--0 Mq (0e,0,) = ;
(W 0 9, )20 Ma(w;, 0,\--0
k (o oM(v;,5, \n We '
q

. My (u“w). (’)"
M2 (W Gy )-- su

. ~ m (9 -.-<D.
J 5 m’“z (U,' ,k);): sq& j V"\:((Lol% S:))

AR TR0
L ; W\Qmo“c\)&\ Sk)« ;T .

Y tom ' §W.
My (D) 3, -5, (8,.9) - §5;

n\z('\) ,w ) =-Sw
My (W, &o,,o\nsm "'s(“’-l“’s-z’v\“s“"
Mg (W, “om“‘) )=~ 50y

(1}

FIGURE 11. Contributions to <%, , from visible holomorphic polygons

Proof. LetK := K, ,. The A structure of o7 is defined via counts of holomorphic
polygons with boundary on K. We stick to the conventions laid out in [22, Sec-
tion 7]. When working with Fukaya categories of surfaces, the holomorphic curve
contributions come in two flavors. There are “visible” immersed polygons with
boundary on the Lagrangians, and “virtual” polygons which only become visi-
ble after successive perturbations of the Lagrangians. Before perturbing, the cor-
responding moduli spaces are in general not regular around constant maps for
polygons with more than three edges (see [18] for an illustration), hence to count
these contributions correctly one has to use virtual fundamental chains or else
perturb. A concrete way to deal with this issue in the case of surfaces is by taking
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successive push-offs of the Lagrangian using a small Hamiltonian perturbation.
Fortunately, in this paper, other than the bigons and triangles that contribute to
the differential m; and the product m, for which regularity can be arranged (even
before perturbing, see [22, Section 7]), we will only deal with holomorphic rect-
angles to compute the contributions to ms and the perturbations by push-offs still
remain manageable. Taking only the virtual contributions into account, one gets
a model for the Fukaya category of the Weinstein neighborhood of the immersed
Lagrangian (a plumbing) which can be described with an A -algebra with m; # 0
only for i = 2, 3. We call this algebra a hidden A, algebra /. The contributions (1),
(2), (3) to the A algebra 2% come from this hidden algebra.

FIGURE 12. Kawamata Lagrangian of (1, 1).

We will only compute these contributions in the simplest example of £(1,1),
since the general case is similar. The Kawamata Lagrangian is illustrated in Fig-
ure 12, where we denote w; by . We have

hom’(L,L) = Ze ® Zz and hom'(L,L) = Zq & Zz.

Following the statement of Theorem 3.4, in addition to ms products from (1), we
need to find three m3 products from (2) and two m3 products from (3) (the Gauss
word is {1, 1} and only the second case of (3) is present). These triple products are

ms(x,x,T) = —x
m3(x7j7j) == *mg(.’f,ft,f)
my(z,T,q) = ¢ = —m3(Z,z,q)

They can be checked by perturbing the Lagrangian by taking three push-offs. The
next figure shows the rectangle that gives the triple product ms(z,z,%Z) = —=z.
The reader is invited to find rectangles that give other triple products listed above.

1\
/l —
° o= L
= <
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The contributions via perturbation are computed in the following manner. Let
L, L', L" and L"" are the original Lagrangian and its push-offs. Then, treating these
Lagrangians as separate, we compute the triangle that contributes to the product

ms: CF(L",L")® CF(L',L") ® CF(L,L') — CF(L, L")

This means looking for rectangles (in the case of m3) whose boundary traces the
Lagrangians L, L', L' and L"" in the counter-clockwise order. The corner between
L,L" is treated as an output and all the others are input. Once we orient our
Lagrangians (which we always do in the way indicated), an intersection point
p € CF(L, K) corresponds to a degree 0 generator if the intersection number L -
K = —1 and a degree 1 generator if the intersection number L - K = +1. The sign
contribution of a polygon is determined according to whether the orientation of
the Lagrangians in its boundary matches with the counter-clockwise orientation of
the boundary of the polygon, see [22, Section 7] for a detailed explanation. Finally,
to get the product defined on CF(L, L), we identify CF(L, L) with CF(L,L’),
CF(L',L"), CF(L",L") and CF(L,L"). In general, these identifications might
be non-trivial to compute but in the case of surfaces the are straightforward.

Finally, we analyze contributions to % given by equations Theorem 3.4 (4).
They come from the visible holomorphic polygons, for which the corresponding
moduli spaces are regular. We illustrate some visible polygons in Figure 13.

=
BN
]
—
5]
[\S}
=
S,

|\ =
15
14

~
=
(S}
f—
=
=,
(=
W

13
12
1

=)
=
=
=
=~

._.
W
f'—t\)wbm

= o> 1=

14

=y
—
[\S]

_

)
=
W

_
A

= SN H I [V = NS
\O

a=SE R

Cd
-
S

— oo o Iwfe o

[

—_— o < I+ o & |2 o o

10)15
9 li4
8 |13
7 12
6 11\

~NW4>M°\\'°°\°’5‘J:N$
=
~
— o v I

r»-mw-bu-c\\looxosj
=s
—_

10)15

=
(=)
=
W

._. = =
Nw-hu-o\\)ocoo‘._..\_,w
=
W

._.Nm-l;u-cs\loo\os):
=
(%)

._.
o
=
O
)
=
~

J(_Nwhwo

FIGURE 13. Some visible holomorphic polygons

We can view these contributions as providing an A, deformation of the hidden
Aso-algebra @ to <. A special feature of our Lagrangian K is its grid-like struc-
ture, illustrated in Figure 13. It implies that all visible polygons with boundary on
K that do not contain the orange puncture (but may contain the black puncture)
are either rectangles or degenerations of rectangles (bigons or triangles), where the
missing vertices of a rectangle correspond to the curved sections of the Kawamata
Lagrangian passing close to the orange puncture. These polygons are given in
Figure 11. In the 1(1,1) example, only the bigon from the bottom right corner of
Figure 11 shows up. Since ¢ = j = 1 in this case, the contributions to m; cancel
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each other out, leaving the products
my(z,7) = s-e=—mg(r,z,q) and my(q,x) =s-T = —my(z,q)

Computing these products for general (r, a) is a routine calculation providing sev-
eral cases summarized in Figure 11. O

The Kawamata Lagrangian K = K, , is the mirror of one possible deformation
of the vector bundle F to the family of genus 1 curves &. To compute the mirrors
of all possible deformations, we use the formalism of bounding cochains.

Let b € CF'(K,K). By Fukaya—Oh-Ohta—Ono [5], the new products

my (@i, @io1,...,21) = »_my(b,...,b,x;,b,...,b,x;_1,b,...,...,b,z1,b,...,b)
j>i
give a deformed A..-algebra if the bounding cochain b satisfies the Maurer-Cartan
equation
In our case, this equation is automatic because C'F(K,K) has no generators in
degree 2. Thus, we have the following immediate corollary of Theorem 3.4.

Corollary 3.5. Fix a bounding cochain b = Y t;w; € CFY(K,K). Contributions to
V€L

the differentials dw; = m¥(w;) and to the products wyw; = m§(w;, w;) in the relative

Fukaya category of F(T1,{s}) are given in Figure 14, where s needs to be replaced by

s(1 — to) (in practice, we will assume that to = 0, so this doesn’t matter.)

R e, i—e
e v § .
. (W W
Contrlackion 4o ;w0 Lontnbution 4 do; (j4) ‘ ‘
—_ 3 e dar o {0
~'f‘~‘\J; 3 aeufa”g ‘t;{s "Jj : &&“‘45 El ﬂaoﬂ) ‘iej;
i i ¢ o 5 [
_t‘-uj it ; -t(t‘)toi it IJ ; jgl - :tttg‘
Ay - | W S Qg
> | o ) -ty ] ) L R AR
e 3 da; o -$Q;
e'Lby a2 [-t-nb] D doj 4D,
'y . . ¢ WJJA' : S 0,

FIGURE 14. Contributions from virtual (left) and visible (right) polygons

Write dw; = Y my;wj for i,5 = 1,...,r — 1. The matrix ® = (my;) is skew-
symmetric. The subscheme Def{}E 16 C Defr, s of Definition 1.7 is cut out by the ideal
in Blto, ..., tr—1] generated by the matrix entries of ©. Ouver this subscheme,

R =Ry = (hom"(K, K), m}).
gives a flat deformation of the Kalck-Karmazyn algebra R = End(Fg) = End(K).

Corollary 3.6. The Kalck-Karmazyn algebra R, . has multiplication given by (3).

One can also write a closed expression for this product. For every i € Z,, we define [i] € Z

such that 0 < [i] < rand i = [i] mod r. We define a function m(j) = . 1mir[l .][kb}
c=1,...,[—aj

for j € Z} and set m(0) = r. Then R, , has basis w; for i € Z, and product

wos — Wi i) > [ a1
I 0 otherwise.
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Proof. When s = t; = 0 for all 4, all differentials in Corollary 3.5 trivially van-
ish and the only contributions to the products w;w; come from visible triangles
(see the second row on the right side of Figure 14.) But visible triangles precisely
correspond to rectangles in the first quadrant with vertices

O ... (—aj i)
0,00 ... (aj),0)

does not contain any orange dots except for (0, 0). This condition, appearing in (3),
is also equivalent to the inequality m(j) > [i].

{ |
A

(]

[ [ A

N
Lus

\

3 2 |

FIGURE 15. Kawamata Lagrangian for £(1,1)

In the remainder of this section, we will apply Corollary 3.5 in some examples,
starting with the Kawamata Lagrangian that corresponds to the cone over a ratio-
nal normal curve (cyclic quotient singularity £(1,1).)

Since a = b = 1, the Gauss word is {r — 1,7 — 2,...,2,1,r —1,r —2,...,2/1}.
The Lagrangian is illustrated in Figure 15, c.f. Example 1.5. Take a bounding

cochain b = ) t;w;. The hidden algebra <7 gives contributions
i€Z;

to dw;: t;t;w; if 1 < j and —1t;t5W0; ifie>j
to Wiw;: 0ifi < 7, —tjwi — tiwj if 4 > g and —t;w; if 4 =7.
There are two types of visible polygons (the top and the bottom row on the right of
Figure 14). The first typeis givenby 1 <i < k < j <r—1(and then! =i+ j — k).
The contributions are

to dw;:  trtiw;;  to dwy:  —tptiw;;  to wyw,: trpwy;  and to wijw:  —tw.
Finally, there is only one polygon (=bigon) of the second type, contributing
to dw,_1: —swi; todwi: sw,_1; tow,_qwi: Swp.

Corollary 3.7. For the singularity 1 (1,1), the skew-symmetric matrix D of Corollary 3.5
has entries (for i < j) given by

j—1
my; = E trtivi—k
k=i
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except that my »_1 (if v > 2) has an additional term s.

Let us analyze the vanishing locus of the matrix ®. There are a few cases de-
pending on r.

Example 3.8 (r = 2). In this case ® = 0, i.e. there are no obstructions to de-
formations of the Kalck-Karmazyn algebra R over k[t1, s]. The multiplication is
given by w? = —tjw; + s. So the deformation of the Kalck-Karmazyn algebra
R = k[w1]/(w?) is given by k[w:]/(w? + tywy — s).

Example 3.9 (r > 3, first component). One of the solutions of the matrix equation
D =0istotake ty =t3 = ... = t,_o = 0, s = —t1t,—1. This is clearly the only
possibility if » = 3. We also claim that this is the only possibility when » > 5
(although in this case the ideal generated by entries of © is not reduced). Indeed,
the entries right above the diagonal are ¢;to, . . ., t,_2t,_1, S0 some of the variables
have to vanish. On the other hand, the entries of the form m; ;2 are t;t; o + t? 1
So if t; (or t;42) vanishes, then so does t;11. This forces to =t3 = ... =t,_2 = 0.
Over klt1,ty—1,s]/(t1itr—1 + s) = E[t1,t,_1], the deformed algebra is given by

2 2 2 2 2
wi + tiwy, wy, w3, ..., Wy _o, W, _1 +tr_1Wr—1

k<w17 s 7w7“—17t17t’r—1>/ <

ww;j fori < jw;wjforr—1>4>j5>1
wi;wy + tLw;, We_qw; + t_qw; forl <i<r—1
Wr—1wW1 + tr—1w1 + twr—1 + 1tr—1

Generically (when ¢1,t,_1 # 0), this gives a deformation of the Kalck-Karmazyn
algebra R,1 = k(wi,...,w,—1)/(w1,...,w,—1)? to the path algebra of the (r —

ai

—
2)-Kronecker quiver e - € via the isomorphism w; — a1 — tie;, wy —

—
a2, ..., Wr—2 = Gr_2,Wr—1 —> —lr_1€9.

Example 3.10 (r = 4, second component). If r = 4, there is another possibility for
vanishing of the matrix ®, namely ¢; = {3 = s+t2 = 0. This gives a deformation of
the Kalck-Karmazyn algebra Ry 1 = k(wy, wa, ws)/ (w1, ws, ws)? over k[t2, s]/(s +
t3) = k[t2] to the algebra

w1w27w2w3,w%7w§, wg + tows,
kltz] (w1, w2, w3)/ <w1w3 — tows, wawy — taws + t§,>
wawz + taws, wawy + lawy
For t5 # 0, this algebra is isomorphic to a 2 x 2 matrix algebra Mats (k).

In accordance with Conjecture 1.9, we see that. at least in the case of 1(1,1),
all deformations of the Kalck-Karamazyn algebra R = End(Fg) over Def%E /& are
induced by deformations of the algebraic surface W. According to [21], the ver-
sal deformation space of W is irreducible for » # 4 (although non-reduced for
r > 4) and corresponds to Artin deformations of W (deformations induced by a
deformation of the resolution of singularities of W), while for r = 4 there is an ad-
ditional component that corresponds to Q-Gorenstein deformations. According to
[24], general Artin deformations of W give deformations of the Kalck—-Karamazyn
algebra to the path algebra of the Kronecker quiver, while Q-Gorenstein deforma-
tions lead to deformations to Mat, (k). So Example 3.10 gives an explicit presenta-
tion for this deformation. In the next section, we will generalize this calculation to
arbitrary Q-Gorenstein deformations of Wahl singularities.

Example 3.11. We wrote a computer code [19] implementation of Corollary 3.5.
For example, let » = 15 and ¢ = 4. This is the first case when the versal de-
formation space Def gy of a cyclic quotient singularity has three irreducible
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components, as can be verified by the computer program [26]. In accordance with
Conjecture 1.9, Def). /& also has three irreducible components given by the ideals
Iy = (ti3,t1a,t11, tio, to, e, ts, ta, t3, ta, titia + 8,15 — tra, tity — tg),
I = (ti3, t10, to, ts, t7, te, tss ta, titra + 8, tatn — tia, taitnn — tao, tits — ta),
I3 = (t1a, tr2, tro, to, ts, b7, te, ts, t3, b1, tatas + s, tatry — t13, 15 — La).
Example 3.12. Another singularity with 3 irreducible components is 75 (1, 7), which
was analyzed in [14]. Def%E /& has 3 irreducible components given by the ideals
Iy = (ta, tis, te, t13, tig, t3, b1, tig, bs, tun, bty — thg, =13 + tia, trlia + s,
tats — t7, —tstia + ti7, —taty + to, —t3 + t10)
I = (ta, tis, tr, tia, tie, ta, t2, tar, titas — taa, tits — te, —tstis + tis,
t6t13 + S, t5t8 — tlg, —t5t6 + tll, —tltg + tg, —t% + th)
Iy = (ta, tis, t7, t12, te, tas, ts, ta, tatie + 8, tatie — tis, tata — L,
—tsts + t11, —titie + ti7, —tits + to, —tats + ti0).

4. Q-GORENSTEIN DEFORMATION OF THE KALCK-KARMAZYN ALGEBRA

We fix coprime integers 0 < ¢ < n. A cyclic quotient singularity 5 (1,nq — 1)
is called a Wahl singularity. It can also be described as (zy = 2") C 1(1,-1,q).
A special feature of the Wahl singularity is that it admits a 1-dimensional versal

Q-Gorenstein® deformation space, namely

(1L -Lg) x AL, 12)
We compactify the Wahl singularity to a projective surface W as in Section 2 and let
W be the corresponding projective Q-Gorenstein deformation. After a finite base
change, the total space of the deformation carries a torsion-free sheaf # introduced
by Hacking [6] (we use a version from [13]) such that its restriction to a general
fiber W is an exceptional vector bundle. It was proved by Kawamata [13] that the
restriction of the Kawamata vector bundle F to W, splits as

Fi ZHI (13)
and so the Kalck-Karmazyn algebra R = End(F) deforms to the matrix algebra
R = End(F;) = Mat, (k).

By Tsen’s theorem, the flat k[t]-algebra R = End(F) is an order over Spec k[t],
i.e. R @y k(t) = Mat,, (k(t)). We will use machinery of Kawamata Lagrangians to
write down an explicit embedding R — Mat,, (k[t]) of k[t]-algebras.

The rest of this section is occupied by the proof of Theorem 1.10. Our plan is as
follows. The anticanonical divisor £ C W is obtained (locally) by setting z = 0 in
(12). It has an A,,_; singularity at the node P. It follows that £ is obtained from
the versal family & (see Remark 3.1) by the base change s = ¢™. Let K € F(T1, {s})
be the Kawamata Lagrangian. In Lemma 4.1, we will introduce an ad hoc bound-
ing cochain b € CF'(K,K) and a flat deformation Ry, = (hom’(K,K), m$) of the
Kalck-Karmazyn algebra R = R, ,,4—1 over A}. In Lemma 4.6, we will embed R
into Mat,, (k[t]) and check formulas of Theorem 1.10. Finally, in Lemma 4.7, we
will show that Ry is isomorphic to the endomorphism algebra R = End(F) of the
Kawamata vector bundle completing the proof of Theorem 1.10.

Lemma 4.1. Consider the locus of bounding cochains b = 5.  t;w; € CFY(K,K)
1€%,2\{0}

(zy=2"+1) C

given by the following formulas:

s=ty, tnr=t forr=1,...,n—1landt; =0fori# 0 mod n.

3Recall that a flat deformation of an algebraic surface over a smooth base is called Q-Gorenstein if
the relative canonical divisor is Q-Cartier.
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We denote t,, by t. This locus of bounding cochains (isomorphic to A}) is in Def%E /&
In particular, the algebra

Rp = (hom’(K, K), m$)
gives a flat deformation of the Kalck-Karmazyn algebra R over A}.

1 —_—t

i

|
L

F

FIGURE 16. Q-Gorenstein deformation of the Kawamata Lagrangian
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e
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Remark 4.2. The bounding cochain b is illustrated on the left side of Figure 16,
where green dots indicate self-intersection points w; of the Lagrangian K (which
is not shown) such that ¢; # 0. The right side of Figure 16 explains our interest
in these self-intersection points: a naive surgery deformation of K as in Figure 7
splits K into n isotopic Lagrangians, which we will later identify with mirrors of
the Hacking vector bundle restricted to the general fiber of the family &

Proof. Since a = ng—1,itsinverse b = —ng—1 mod n?. The subword of the Gauss
word formed by indices divisible by n is n(n — 1),...,2n,n,n,2n,...,n(n — 1).
It follows that contributions to the differential dw; coming from the hidden alge-
bra o7 (the left side of Figure 14) cancel each other out. It remains to show that
contributions coming from the visible polygons (the right side of Figure 14) also
cancel each other out. We interpret these polygons as lattice rectangles in Z2. The
contribution to the differential dw, from a lattice rectangle is trivial unless both
NE and SW corners of the rectangle are green or orange. In other words, these
corners should belong to colored anti-diagonals from the left side of Figure 16.
Furthermore, apart from these two corners, the lattice rectangles should not con-
tain any orange points. We claim that these permitted rectangles come in pairs as
illustrated in Figure 17 (left and middle). Here both rectangles have shape x x y.
Indeed, if the NE and SW corners of the top rectangle are green or orange then
a =y = —z mod n, which implies that these corners of the bottom rectangle are
green or orange, and vice versa. Furthermore,

at+z—y(l-ng)=a—y+x(l—ng) modn? (14)

i.e. Wata—y(1—ng) = Wa—ytz(1—nq)- SO both rectangles contribute w4 y(1-nq) to
the differential dw,, with coefficients that will be determined below.

Next, we claim that if one of the rectangles is not permitted then the other one is
not permitted as well. In other words, if one of the rectangles contains orange dots
(away from the NE and SW corners) then the other one does as well, as illustrated
on the right side of Figure 17. Indeed, suppose the top rectangle contains an orange
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od+X-Y(1-nq) o4 |
| I_e\~3 (1-hq o ﬂ*)‘("“ﬂ |

A9 | d-g+x(i-hq)

FIGURE 17. Permitted rectangles come in pairs

dot. We slide this point anti-diagonally (in the SE direction) until it hits the bottom
rectangle. We claim that one of the dots on this anti-diagonal within the bottom-
right rectangle is orange. In order to find this orange dot, we decompose the SE
translation as illustrated on the right side of Figure 17. Namely, we first move to
the right, hopping from one anti-diagonal of green/orange dots to the next, until
we get the point that can be moved down into the bottom-right rectangle. This
point will be orange.

Finally, we have to check that if both rectangles in the pair are permitted then
the contributions to the differential dw,, given by the NW corner of the top rectan-
gle and the SE corner of the bottom rectangle cancel each other out. Concretely,
we need to check that

[ — 9] + [ + 2 — nga] + n? (where we only add n? if [a + x — ngz] = 0)  (15)

= [ — y + nqy] + [ + 2] + n? (where we only add n? if [ + x] = 0)

Note that, if y > n, the condition (15) is invariant under the change y — y — n,
which corresponds to shortening the rectangles. Indeed, this obviously preserves
permissibility of the rectangles. Furthermore, the left hand side of (15) increases by
n (note that [a—y+n] # 0 since otherwise the bottom rectangle is not permissible),
and the same is true for the right hand side. We also claim that, if z > n, we can
shorten the rectangles in the other direction, z — = — n. Again, this obviously
preserves permissibility of the rectangles. We claim that both sides of (15) decrease
by n under this operation. Indeed, neither [+ (x —n)] nor [a+ (z —n) —ng(x —n)]
is equal to 0 by permissibility of the rectangles. Furthermore, if either [« + x] nor
[ + 2 — ngz] is equal to 0 then the formula works because n? is added to the
formula to compensate.

By the above, we can assume that z,y < n.Sincea =y = -z modn,z+y=mn
or 2n. The second case is, however, impossible because then = = y = n and every
nxn square with green or orange vertices contains orange along the anti-diagonal,
which is not permitted. So 0 < < n and y = n — . We rewrite (15) as follows:

[ —n + 2] + [a + = — ngz] +n? (where we only add n? if [a 4+ 2 — ngx] = 0) (16)
= [ —n +x — ngx] + [a + 2] + n?* (where we only add n? if [a + z] = 0)
But this is clear:
[0 —n + 2] = [a + 2] — n + n? (where we only add n? if [a + z] = 0),
and
[a—n+x—nqr] = [a+x—ngr]—n+n? (where we only add n? if [a+2—ngz] = 0).

This completes the proof. O
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FIGURE 18. The Hacking Lagrangian H,, , (left) and Lemma 4.5 (right).
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The relative Fukaya category F (T4, {s}) is s k[s]-linear triangulated category.
Its base change F (T, {s}) @5 k[s!] corresponds under mirror symmetry to the
category of perfect complexes on the complement of the special fiber of the family
& — Al. Motivated by Figure 16, we define an object H € F(T1, {s}) ®ys k[sT'].
We will show in Lemma 4.4 that its specialization to any s # 0 is a mirror of the
Hacking vector bundle #|s, (up to tensoring with a degree 0 line bundle).

Definition 4.3. Let the Hacking Lagrangian H := H,, , be a Lagrangian illustrated
(on the universal cover of the torus) in Figure 18 and equipped with a local system
over k[s*!] whose monodromy is given by s~!. Note that H has one “vertical”
and one “horizontal” segment. When doing computations for a Lagrangian en-
dowed with a local system, one trivializes the local system on outside of a speci-
fied marked point, which we put near the orange dot where H bends. Holomor-
phic curve counts are twisted by the monodoromy of the local system whenever
the boundary of the holomorphic polygon passes through this marked point.

Lemma 4.4. For s # 0, the specialization Hj of the Hacking Lagrangian is the mirror of
the restriction of the Hacking vector bundle H|s, tensored with a degree 0 line bundle.

Proof. Let H, € Perf(&,) be an object that corresponds to H, under homological
mirror symmetry. Using Figure 6, we compute RHom(H,,O,) = k™ for every
closed point ¢ € &. So H, is a vector bundle of rank n. A surgery illustrated on
the right side of Figure 17 shows that ¢1(#,) = +c1(F|s,). By (13), it follows that
M, and H|s, are vector bundles of the same rank and degree on the 1-nodal cubic
curve &. In fact, using Figure 6 and homological mirror symmetry, we see that
RI(&5,Hs) = k7 and RI'(&5, Fls,) = k™. In particular, deg H, = deg H|s, = g by
Riemann-Roch. Since both #|g, and H, are simple vector bundles (here we use
(13) for H|s, and homological mirror symmetry for #), they are both stable and
isomorphic up to tensoring with a degree 0 line bundle [3]. O

Next, we work with the category F(T1, {s}) @[ k[t] where s = t". We view
the Kawamata Lagrangian K endowed with a bounding cochain b of Lemma 4.1
as an object K, of this category.

Lemma 4.5. We can pullback both Ky and the Hacking Lagrangian H to the category
F(T1, {s}) ®(s k[t*!]. Then Hom(Ke, H) = k[t, t~1]%".

Proof. In Figure 16, the Kawamata Lagrangian (which is not shown) follows the
grid (which includes orange and green points), while the Hacking Lagrangian
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goes halfway between the lines of the grid. It follows that the Kawamata and
Hacking Lagrangians intersect in n points along the vertical segment of the Hack-
ing Lagrangian and n points along its horizontal segment. This will show that
Hom(Ky, H) 2 k[t,t~1]®" if we can prove that the differentials in the A,-module
CF(Kp,H) vanish. The proof is the same as the proof of Lemma 4.1: contribu-
tions to each differential come in pairs of permitted rectangles (illustrated on the
right side of Figure 18), which cancel each other out. Concretely, in the notation of
the proof of Lemma 4.1 (see Figure 17), the permitted rectangles have parameters
a =y — nqy and x + y = n. Instead of (15), the cancellation condition becomes

[ —y] = —n + [a + x] + n? (where we only add n? if [a + 2] = 0.)

Two of the terms in the formula (15) do not appear in our case because the Hack-
ing Lagrangian bends where the Kawamata Lagrangian intersects itself. Also, a
new term of —n appears because the local system of the Hacking Lagrangian con-
tributes to the top rectangle of each pair. After simplification, the condition be-
comes [-ngy] = —n + [n — nqy] + n?, where we only add n? if [n — ngy] = 0.
This identity is straightforward. O

Lemma 4.6. Action of R = End(Ky) on Hom (Kp, H) = k[t, t =] gives a k[t]-linear

map R — Mat,, (k[t]) that sends an element " apwy € R toamatrix A € Mat,, (k[t])
k€EZ, 2

with the matrix entries given in Theorem 1.10.

Proof. We study the product Hom(Ky, H) ® Hom(Kp, Kp) — Hom(Kp, H) using the
basis {es,...,e,} of Hom(Ky, H) given by red dots in Figure 19 (where only the
Hacking Lagrangian H is shown). The corresponding matrix A € Mat,, (k[t]) is
computed using the holomorphic polygons illustrated in Figure 19.

LY
h ¢
s o
v [ L
, L}

FIGURE 19. Matrix entries A;; for i > j (left) and ¢ < j (right)

|

When i > j, there is only one possibility: the polygon is a rectangle (possibly
degenerated into a triangle) with the west side given by points e; and ¢;, the NE
corner either green or orange, and no other orange points. The SE corner is a basis
element wy, of Hom(Kjg, Kp). This is illustrated on the left of Figure 19 (for As;).

When i < j, there are two possibilities, which explains why the formulas in
Theorem 1.10 are more complicated in this case. The first possibility, analogous to
the case of i > j, is to take a rectangle (possibly degenerated into a triangle) with
the east side given by points ¢; and e;, the SW corner either green or orange, and
no other orange points. The NW corner gives a basis element wy, of Hom(Kg, Kg).
This is illustrated by a blue rectangle on the right of Figure 19 (for A;3).
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The second possibility is to take a rectangle that starts at the point e;, goes to the
right along the Kawamata Lagrangian until a green (or orange point), goes down
to a self-intersection point wy, and then goes to the left to the point ¢;. On the
universal cover e; and e; are located on consecutive vertical parts of the Hacking
Lagrangian. This is illustrated by a yellow rectangle on the right side of Figure 19
(for Ay3). As always, the rectangle should not contain any orange points except,
possibly, the NE corner. The calculation of this composition includes a contribu-
tion from the local system on the Hacking Lagrangian.

Finally, contributions to A;; for i = j are given by invisible polygons. The
calculation here is entirely analogous to the proof of Corollary 3.5.

It remains to prove the following lemma:

Lemma 4.7. Under homological mirror symmetry, the Lagrangian Ky corresponds to the
restriction F|g¢ of the Kawamata vector bundle F on the Q-Gorenstein deformation W of
W to the family of genus 1 curves £ C W (up to tensoring with a line bundle).

Proof. Let K = Fl¢ and let K’ € Perf(£) be an object that corresponds to K un-
der homological mirror symmetry. Both X’ and K are deformations of the same
vector bundle F'|g on the special fiber E = Ej of £. In particular, £’ and K are
vector bundles of the same rank n? and degree ng. It suffices to show that K}
and K; are isomorphic up to tensoring with a line bundle for every ¢ # 0. As in
Lemma 4.4, let H, be the vector bundle that corresponds to the Lagrangian H un-
der mirror symmetry. By Lemma 4.4 and (13), it suffices to prove that K} = H".
By Lemma 4.5 and mirror symmetry, we have Hom (K}, H;) = k%". It follows
that Hom(H,, K}) = Ext' (K}, H;)* = k®" since K} and H; have the same slope.
By Lemma 4.8, it suffices to prove that the bilinear pairing

Hom (K}, Hs) ® Hom(H, K}) = k, e® freo f e Hom(He, Hy) =k

is non-degenerate. Let eq,...,e, € Hom(Kp, H) be the basis used in the proof of
Lemma 4.6 (represented by red dots in Figure 20). Let H' is a small perturbation of
the Hacking Lagrangian H and let f1, ..., f, € Hom(H’, Ky ) be a basis represented
by blue dots in Figure 20. As this picture illustrates, these bases are dual under the
bilinear pairing since the only rectangles contributing to the composition are the

obvious black rectangles illustrated in this picture. O
&
&
€
e
.*
In Sl'l Srz &n

H

FIGURE 20. Dual bases in Hom(K, H) and Hom(H', K)
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Lemma 4.8. Let H be a simple vector bundle on a k-scheme X. Let K be a vector bundle
such that tk K = nrk H for some integer n. Then K is isomorphic to H®™ if and only if
Hom(K, H) and Hom(H, K) are n-dimensional vector spaces and the bilinear pairing

Hom(K,H) ® Hom(H,K) -k, e® f—eofcHom(H H)=k
is non-degenerate.

Proof. The condition is certainly necessary. To show that it is sufficient, we choose
dual bases ey, ..., e, € Hom(K, H) and fi,..., f, € Hom(H, K). Then the mor-

phism H®" — H®" given by the matrix ¢; o f; for i,j = 1,...,n is an iden-
tity isomorphism. But it factors through the morphism e : K — H®" given by
e = (e1,...,ep). It follows that e is a surjective morphism of locally free sheaves
of the same rank. Therefore, e is an isomorphism. O

Proof of Proposition 1.11. Instead of using explicit formulas, we use presentation of
the order from Corollary 3.5. Recall that s = t". Setting w; = w;/s for i # 0
and Wy = wp in the formulas from Corollary 3.5 shows that the only products
that survive in the limit as ¢’ = 1/t — 0 are the products w;w; = sw;, appear-
ing in the third polygon from the top, which in the limit become w;w; = w.
This algebra is isomorphic to R,,2 ,4—1 via an isomorphism w; — w_;. O
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