
Lecture 6. Division with remainder; Gröbner bases

Proposition 4.6. (Division with remainder) Let f, f1, . . . , fs ∈ k[X1, . . . , Xn] be non-zero
polynomials. Then there exist polynomials h1, . . . , hs, r ∈ k[X1, . . . , Xn] such that

f = h1f1 + h2f2 + . . .+ hsfs + r

with the following properties:

• LT (hifi) ≤ LT (f) for all i with hi ̸= 0;

• either r = 0, or no term of r is divisible by any of LT (f1), . . . , LT (fs) and LT (r) ≤ LT (f).

Proof. We argue by induction on LM(f) with respect to the monomial ordering. This is
legitimate because, by Lemma 4.5, there is no infinite strictly decreasing sequence of monomials:
if the statement failed for some f , the argument below would produce an f̃ with LM(f̃) < LM(f)
for which it also fails, and repeating this would give an infinite sequence LM(f) > LM(f̃) >
. . .. So we may assume that the statement holds for every non-zero polynomial whose leading
monomial is smaller than LM(f).

Suppose first that there exists an i such that LT (fi)|LT (f), and let i ∈ {1, . . . , s} be the smallest
such index. Let

f̃ = f − LT (f)

LT (fi)
fi.

If f̃ = 0, we stop, setting hi = LT (f)/LT (fi), hj = 0 for j ̸= i and r = 0. Otherwise, we have
LT (f̃) < LT (f), so by induction we can write

f̃ = h̃1f1 + . . .+ h̃sfs + r

with the required conditions. Then

f = h1f1 + . . .+ hsfs + r

where hj = h̃j for j ̸= i and hi = h̃i +
LT (f)
LT (fi)

. The conditions on r are inherited from f̃ , and

LT (hjfj) ≤ LT (f) for all j because LT (h̃jfj) ≤ LT (f̃) < LT (f) and LT
( LT (f)
LT (fi)

fi
)
= LT (f).

Suppose now that no LT (fi) divides LT (f), and let f̃ = f − LT (f). If f̃ = 0, we stop, setting
all hi = 0 and r = f . Otherwise, by induction we can write f̃ = h1f1 + . . .+ hsfs + r̃ with the
required conditions, and we set

f = h1f1 + . . .+ hsfs + r

where r = r̃ + LT (f). The term LT (f) is divisible by no LT (fi) by assumption, and LT (r) =
LT (f) since every term of r̃ is at most LT (r̃) ≤ LT (f̃) < LT (f).
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▶ Let f = XY 2−X, f1 = XY +1, f2 = Y 2−1, and use the lex order with X > Y . The leading
terms are XY 2, XY, Y 2 respectively. Since XY |XY 2, we can write f̃ = f − Y f1 = −X − Y .
Neither X nor Y is divisible by XY or Y 2, hence

f = Y f1 + 0f2 + (−X − Y ).

Another possibility is to use that Y 2|XY 2; then f̃ = f −Xf2 = 0, so we get

f = 0f1 +Xf2 + 0.

Hence the remainder r is not unique: it depends on the order in which f1, f2, . . . , fs are
listed.

We can implement the division with remainder algorithm in Macaulay2 as follows.

div = (f,G) -> (

R := ring f; p := f; r := 0_R; s := #G; Q := new MutableHashTable;

for j from 0 to s-1 do Q#j = 0_R;

while p != 0 do (

i := 0;

while i < s and leadTerm(p) % leadTerm(G#i) != 0 do i = i+1;

if i < s then (

Q#i = Q#i + (leadTerm(p) // leadTerm(G#i));

p = p - (leadTerm(p) // leadTerm(G#i)*G#i))

else (

r = r + leadTerm(p);

p = p - leadTerm(p)));

L := apply(s, j -> Q#j);

return (r,L));

Using the above division function, you can do division in Macaulay2 as follows.

R = QQ[X,Y, MonomialOrder => Lex]

f= X*Y^2 - X

f1 = X*Y +1

f2 = Y^2 - 1

G = {f1,f2}

div(f,G)

G = {f2,f1}

div(f,G)

Definition 4.7. (Buchberger) Let I ⊂ k[X1, . . . , Xn] be a non-zero ideal. The initial ideal of
I is the monomial ideal

in(I) := (LT (f) : 0 ̸= f ∈ I).

A finite subset G ⊂ I \ {0} is called a Gröbner basis of I (with respect to the fixed monomial
ordering) if the leading terms of its elements generate the initial ideal, that is, in(I) = (LT (g) :
g ∈ G).

25



▶ Every non-zero ideal I has a Gröbner basis. Indeed, in(I) is finitely generated by the Hilbert
basis theorem, and each of its finitely many generators is a combination of finitely many of the
LT (f) with 0 ̸= f ∈ I. Hence in(I) = (LT (g1), . . . , LT (gs)) for some g1, . . . , gs ∈ I \ {0}.

▶ If I = (f1, f2, . . . , fs), then in(I) need not equal (LT (f1), . . . , LT (fs)).

∢ Take I = (f1, f2) with f1 = X3 − 2XY and f2 = X2Y − 2Y 2 +X and use ≤grlex. Show that
(LT (f1), LT (f2)) is strictly contained in in(I).

If you want to check your calculations, you can ask Macaulay2 for help as follows:

R = QQ[x,y, MonomialOrder=> GLex];

I = ideal (x^3-2*x*y, x^2*y-2*y^2+x);

inI = ideal leadTerm I

Note that the initial ideal depends on the monomial order you choose.

R = QQ[x,y, MonomialOrder=> Lex];

I = ideal (x^3-2*x*y, x^2*y-2*y^2+x);

inI = ideal leadTerm I

Theorem 4.8. (Buchberger) Let G = {g1, . . . , gs} be a Gröbner basis of a non-zero ideal I ⊂
k[X1, . . . , Xn].

1. For a non-zero f ∈ k[X1, . . . , Xn], use division with remainder to write

f = h1g1 + h2g2 + . . .+ hsgs + r.

Then r = 0 if and only if f ∈ I. Moreover, r does not depend on the order in which
g1, g2, . . . , gs are listed. It also follows that I = (G).

2. Let C(I) := {α ∈ Nn : LT (gi) ∤ Xα for all i}. Then {Xα + I : α ∈ C(I)} is a basis of
k[X1, . . . , Xn]/I as a k-vector space.

Proof. (1) Suppose f ∈ I and r ̸= 0. Then r = f −
∑s

i=1 higi ∈ I, and since G is a Gröbner
basis,

LT (r) ∈ in(I) = (LT (g1), LT (g2), . . . , LT (gs)).

By Lemma 4.4, there exists i such that LT (gi)|LT (r). This contradicts the properties of the
division with remainder. Hence r = 0. Conversely, if r = 0 then f =

∑s
i=1 higi ∈ (G) ⊂ I. It

also follows that I = (G), since every f ∈ I is of the form
∑s

i=1 higi.

Suppose f =
∑s

i=1 higi + r =
∑s

i=1 kigi + r̃ are two expressions obtained by division with
remainder, with the gi listed in different orders. Then

∑s
i=1(hi − ki)gi = r̃ − r ∈ I. If r̃ ̸= r,

then LT (r̃− r) ∈ in(I) = (LT (g) : g ∈ G), hence there exists i such that LT (gi)|LT (r̃− r). But
every term of r̃ − r is, up to a scalar, a term of r or of r̃, and none of these is divisible by any
LT (gi). This is a contradiction, hence r = r̃.

(2) Let f ∈ k[X1, . . . , Xn] be non-zero. After division with remainder, none of the terms of r is
divisible by any LT (gi), so r is a k-linear combination of monomials Xα with α ∈ C(I). Since
f + I = r + I, the quotient k[X1, . . . , Xn]/I is spanned by {Xα + I : α ∈ C(I)}.
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Suppose that
∑m

i=1 aiX
αi ∈ I for distinct α1, . . . , αm ∈ C(I) and ai ∈ k. If this polynomial is

non-zero, dividing it by g1, . . . , gs gives

m∑
i=1

aiX
αi = 0 · g1 + 0 · g2 + . . .+ 0 · gs + r

with r =
∑m

i=1 aiX
αi , since no term of it is divisible by any LT (gi). By part (1), r = 0, a

contradiction. Hence all ai = 0, and the Xα + I for α ∈ C(I) are linearly independent.

▶ Although C(I) is defined using G, it depends only on I and the monomial ordering: by
Lemma 4.4, α ∈ C(I) if and only if Xα /∈ in(I). The monomials Xα with α ∈ C(I) are called
the standard monomials of I.

Corollary 4.9. The variety V(I) ⊂ kn defined by I has finitely many points if C(I) is finite.

Proof. By the theorem, if C(I) is finite then the ring k[X1, . . . , Xn]/I is finite-dimensional
as a k-vector space. Now fix i and consider the monomials 1, Xi, X

2
i , . . .. Their images in

k[X1, . . . , Xn]/I are linearly dependent, so there exist m and c0, c1, . . . , cm ∈ k, not all zero,
such that

c0 + c1Xi + c2X
2
i + . . .+ cmXm

i ∈ I.

This polynomial vanishes on V(I), but a non-zero polynomial in one variable has at most finitely
many roots. It follows that the i-th co-ordinates of the points of V(I) take only finitely many
values. The same is true for every i, hence V(I) is finite.

▶ The converse holds when k is algebraically closed: if V(I) is finite, then C(I) is finite. This
is a consequence of the Nullstellensatz, which we will prove later in the course. Over k = R it
fails: V(X2 + Y 2 + 1) = ∅, but C((X2 + Y 2 + 1)) is infinite.

Theorem 4.8 gives an algorithm for solving the ideal membership problem provided that we
know a Gröbner basis for the ideal.
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