Commutative Algebra: Problems and Solutions

Yank: Lekili

Problem 1. Let R be a non-zero ring. Suppose that every ideal of R other than R itself is
prime. Prove that R is a field.

Solution. Since R # {0}, the zero ideal (0) is an ideal other than R, hence it is prime by
hypothesis. Therefore R is an integral domain: if xy = 0 then xy € (0), so x € (0) or y € (0).

Now let @ € R be a non-zero element. We show that a is a unit. Consider the ideal (a?). There
are two cases.

If (a?) = R, then 1 € (a?), so 1 = ra® = (ra)a for some r € R, and a is a unit.

If (a®) # R, then (a?) is prime by hypothesis. Since a - a = a? € (a?), primality gives a € (a?),
so a = ra? for some r € R. Hence a(1 —ra) = 0. As R is an integral domain and a # 0, we get
1 —ra =0, that is, ra = 1, and again a is a unit.

Thus every non-zero element of R is invertible, and R # {0}, so R is a field. O

Problem 2. Let R be a ring and let J(R) be its Jacobson radical, that is, the intersection of
all mazimal ideals of R. Show that x € J(R) if and only if 1 — xy is a unit of R for all y € R.

Solution. We use the fact that every proper ideal of R is contained in a maximal ideal; this is
where Zorn’s lemma enters.

Suppose first that z € J(R) and let y € R. If 1 — zy were not a unit, then (1 — xy) would be a
proper ideal, hence contained in some maximal ideal m. Since z € J(R) C m, we have zy € m,
and therefore 1 = (1 — xy) + zy € m, contradicting the fact that m is proper. Hence 1 — zy is a
unit.

Conversely, suppose that 1 — zy is a unit for all y € R, and suppose for contradiction that
x ¢ J(R). Then there is a maximal ideal m with x ¢ m. By maximality, m + (z) = R, so we
can write 1 = m 4 xy with m € m and y € R. But then 1 — xy = m € m is a unit, which forces
m = R, a contradiction. Hence x € J(R). O

Problem 3. Let R be a ring. Show that if a prime ideal p of R can be written asp =1N0J for
ideals I and J, thenp =1 orp =J.



Solution. Since p = I N J, we have p C I and p C J. Suppose for contradiction that neither
inclusion is an equality, and choose a € I\ p and b € J \ p. Then ab € I because a € I, and
ab € J because b € J,soabe INJ =p. Asp is prime, a € p or b € p, contradicting the choice
of e and b. Hence p=1 or p=J. O

Problem 4. Let R be a ring. Recall that a multiplicative set S C R is saturated if whenever
xy € S, both x and y are in S. Show that S is a saturated multiplicative set if and only if the
complement R\ S is a union of prime ideals.

Solution. Suppose first that R\ S = |J, p for some family of prime ideals py. Since 1 lies in
no proper ideal, 1 € S. If x,y € S and xy ¢ S, then zy € p, for some A\, so z € p) or y € p) by
primality; but py C R\ S, a contradiction. Hence S is a multiplicative set. It is saturated: if
xy € S and, say, x ¢ S, then x € py for some A, hence zy € py C R\ S, a contradiction.

Conversely, suppose that S is a saturated multiplicative set. We claim that every x € R\ S
lies in a prime ideal disjoint from S; since every such prime ideal is contained in R\ S, this
shows that R\ S is the union of the prime ideals disjoint from S. So let ¢ S. The ideal (z) is
disjoint from S: if rax € S for some r € R, then x € S by saturation, which is not the case. By
Krull’s lemma from the lectures (whose proof uses Zorn’s lemma), there exists a prime ideal p
containing (x) and disjoint from S. Thus x € p C R\ S, as claimed. O

Problem 5. Show that the ring of Gaussian integers Zl[i] is a Euclidean domain with respect
to the norm N(a + bi) = a® + b?. (Use the fact that the open disks of radius 1 centred at the
Gaussian integers cover the whole complex plane.)

Solution. For z = a + bi € Z[i] we have N(z) = a® + b> = |z|?, where |z| denotes the usual
absolute value of the complex number z. In particular N takes values in N, N(z) = 0 only for
z =0, and N(zw) = N(z)N(w) since |zw| = |z||w|. Also, Z[i] is an integral domain, being a
subring of the field C.

Let «, 5 € Z[i] with 8 # 0. We must find ¢, € Z[i] with a = g8+ and N(r) < N(f5). Consider
the complex number «/f = u + vi with u,v € Q. Choose integers m,n with |u —m| < % and
v —n| < %, and put ¢ = m + ni € Z[i]. Then
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This is the geometric fact in the hint: every complex number lies at distance less than 1 from
some Gaussian integer. Now set = o — ¢f € Z[i]. Then
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Problem 6. Let k be an infinite field, and f € k[Xy,...,X,]. Show that f = 0 if and only
if f(z1,...,2n) = 0 for all (x1,...,2,) € k™. Give a counter-example to the statement when
k = TFo, the field with two elements.

Solution. If f = 0 then clearly f vanishes at every point of k™. For the converse we argue by
induction on n.

For n = 1, a non-zero polynomial f € k[X;] of degree d has at most d roots in k. Since k is
infinite, a polynomial vanishing at every point of k must therefore be zero.

Now let n > 1 and suppose that f vanishes at every point of k™. Write f as a polynomial in X,
with coefficients in k[X1,..., X,_1]:

d
f = Zgj<X17 ceey Xn—l)X%
§=0
Fix a point (1,...,2,_1) € k"~1. The one-variable polynomial
d
f(‘r:l) <oy Tn—1, Xn) = Zg](xlu s ,xn_l)X% € k[Xn]
j=0
vanishes at every =, € k, so by the case n = 1 it is the zero polynomial, that is, g;(x1,...,2p—1) =

0 for all j. As this holds for every point of k"1, the induction hypothesis gives g; = 0 for all j,
hence f = 0.

For k = Fo, the polynomial f = X? — X; € Fy[X1,..., X,,] is non-zero, but f(z1,...,z,) =
2?3 — 21 = 0 for every point of F}, since 0> = 0 and 12 = 1. (More generally, X{ — X vanishes
on Fy for any finite field F.) O

Problem 7. Let p C Z[X] be a prime ideal. Show that p NZ is a prime ideal in Z. Thus,
pNZ=(p) where p=0 orp is a prime number. Suppose now that p # (0).

(i) Suppose p NZ = {0}. Show that p = (f) where f € Z[X] is an irreducible polynomial.

(i) Suppose pNZ = (p) with p a prime number. Show thatp = (p, f) where f =0 or f € Z[X] is
a monic polynomial (leading coefficient is one) whose mod p reduction f € Fp[X] is irreducible.

Solution. The inclusion ¢ : Z — Z[X] is a ring homomorphism and pNZ = ¢~ (p). The preimage
of a prime ideal under a ring homomorphism is prime (Lecture 2), so p N Z is a prime ideal of
Z. The prime ideals of Z are (0) and (p) for p a prime number, which gives the second claim.

(i) Suppose pNZ = {0} and p # (0). Recall that the content of a non-zero polynomial in Z[X]
is the greatest common divisor of its coefficients, that a polynomial is primitive if its content
is 1, and Gauss’s lemma: the content of a product is the product of the contents. In particular,
if f is primitive and f divides dg in Z[X] for some non-zero d € Z, then f divides g: writing
dg = qf, the content of ¢ equals the content of ¢f = dg, which is divisible by d, so ¢ = dq’ with
¢ €Z[X]and g=¢'f.



Choose a non-zero f € p of smallest possible degree. Writing f = cfy with ¢ € Z the content of
f and fy primitive, we have ¢ ¢ p (as pNZ = {0} and ¢ # 0), so fo € p by primality. Replacing
f by fo, we may assume that f is primitive. We claim that p = (f). Let g € p. Dividing g by f
in Q[X] and clearing denominators, we find a non-zero d € Z and ¢, r € Z[X] with

dg=qf +r, r=0or degr < deg f.

Since r = dg — qf € p, the minimality of deg f forces r = 0. Thus f divides dg, and by
the consequence of Gauss’s lemma above, f divides g in Z[X]. Hence p = (f). Finally, f is
irreducible: it is non-zero and not a unit, and if f = gh then g € p or h € p, say g = fu with
u € Z[X]; then f = fuh, so uh =1 and h is a unit.

(ii) Suppose pNZ = (p) with p a prime number. Then (p) C p. Let 7 : Z[X] — Z[X]/(p) ~ Fp[X]
be the reduction mod p, and write g = m(g). The ideals of F,[X] correspond to the ideals of
Z[X] containing (p), and under this correspondence p corresponds to p = m(p), which is a prime
ideal since F,[X]/p ~ Z[X]/p is an integral domain. As F,[X] is a PID, p = (f) where f =0 or
f is an irreducible polynomial, which we may take to be monic after multiplying by a unit. Let
f € Z[X] be 0 if f = 0, and otherwise a monic polynomial lifting f (lift each coefficient to an
integer, taking the leading coefficient to be 1). Then for g € Z[X] we have

gep < ge(f)
<= g =h f for some h € Z[X]
<= g—hf € (p) for some h € Z[X]
< g€ f)
so p = (p, f) as required. O
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Figure 1: Mumford’s picture of Spec Z[X], from his Red Book of Varieties and Schemes.



Problem 8. In a ring R, let I be an ideal which is maximal among the non-principal ideals of
R, that is, I is not principal and every ideal strictly containing I is principal. Prove that I is
prime.

Solution. First, I is a proper ideal, since R = (1) is principal. Suppose for contradiction that I
is not prime, so that there exist a,b € R\ I with ab € I.

The ideal I+ (a) strictly contains I because a ¢ I, so by maximality it is principal: I+ (a) = (¢)
for some ¢ € R. Consider the ideal

J={I:¢c)={reR:rcel}.

We have I C J, since [ is an ideal. Moreover b € J: writing ¢ = x + ta with x € [ and t € R,
we get bc = bx + t(ab) € I. As b ¢ I, the ideal J strictly contains I, so it is principal: J = (d)
for some d € R.

We claim that I = (cd). On the one hand, d € J means cd € I, so (cd) C I. On the other hand,
let y € I. Since I C I+ (a) = (¢), we can write y = rc with r € R; then rc € I says r € J = (d),
so r = sd for some s € R and y = sed € (ed). Hence I = (cd) is principal, contradicting the
hypothesis. Therefore I is prime. O

Problem 9. Show that in a local ring R with mazximal ideal m, the units of R are precisely the
elements of R\ m. Conversely, show that a ring R whose non-units form an ideal is a local ring.

Solution. Let R be a local ring with unique maximal ideal m. A unit lies in no proper ideal, since
an ideal containing a unit contains 1; hence every unit lies in R\ m. Conversely, let x € R\ m
and suppose that z is not a unit. Then (x) is a proper ideal, so it is contained in some maximal
ideal of R (this uses Zorn’s lemma, through the proposition of Lecture 2 that every proper ideal
lies in a maximal ideal). Since m is the only maximal ideal, x € (x) C m, a contradiction. Thus
the units are exactly the elements of R\ m.

Now let R be a ring whose set N of non-units is an ideal. Then N is a proper ideal, as 1 ¢ N.
Every proper ideal of R consists of non-units, by the remark above, and is therefore contained
in N. It follows that N is a maximal ideal: an ideal strictly containing N is not contained in
N, so it is not proper, that is, it equals R. It also follows that IV is the only maximal ideal: a
maximal ideal is proper, hence contained in N, and then equal to N by maximality. Therefore
R is a local ring with maximal ideal N. O

Problem 10. Give an example of a ring R and ideals I,J of R such that I UJ is not an ideal.
In your example, what is the smallest ideal containing I U J?

Solution. Take R =7Z,1 = (2) and J = (3). Then2 € JUJ and 3 € IUJ, but 2+3 =5 is
divisible by neither 2 nor 3, so 5 ¢ I U J. Hence I U J is not closed under addition and is not
an ideal.

The smallest ideal containing I U J is I +J = (2) + (3) = (2,3). Since 1 =3 — 2 € (2,3), this
is the whole ring Z. More generally, for any ideals I, J of a ring R the smallest ideal containing



TUJis I+ J: it is an ideal containing I and J, and any ideal containing I U J is closed under
addition, so it contains every sum a +b witha € I, b € J.

In fact, for any ring the union I U J is an ideal only when I C J or J C I, in which case
I U J is the larger of the two. Indeed, if a € I\ J and b € J\ I, then a +b ¢ I (otherwise
b=(a+b)—aecl)andsimilarly a+b¢ J,soa+b¢ IUJ. O

Problem 11. Let R be a ring. Show that the nilradical and the Jacobson radical of R[X]
coincide.

Solution. Write N' and J for the nilradical and the Jacobson radical of R[X]. Since every
maximal ideal is prime, N, the intersection of all prime ideals of R[X], is contained in J, the
intersection of all maximal ideals. It remains to show that J C N.

Let f=ap+a1 X+ +a, X" € J. By Problem 2 applied with y = X, the polynomial 1 — fX
is a unit of R[X]. Let p be any prime ideal of R and reduce modulo p: the image of 1 — fX in
(R/p)[X] is a unit, being the image of a unit under the ring homomorphism R[X] — (R/p)[X].
Now R/p is an integral domain, so degrees add under multiplication in (R/p)[X] and a unit
must have degree 0. Hence the image of fX in (R/p)[X] is 0, that is, ap,a1,...,a, € p. As
p was arbitrary, each a; lies in the intersection of all prime ideals of R, which is the nilradical
N(R). So each a; is nilpotent in R, hence each ;X" is nilpotent in R[X], and f is a sum of
nilpotent elements, hence nilpotent, since the nilradical of R[X] is an ideal. Therefore f € N.

In fact the argument shows more: J = N = N(R)[X], the polynomials all of whose coefficients
are nilpotent in R. O

Problem 12. Prove that if R is Noetherian, then the power series ring R[[T]] is also Noetherian.

Solution. We adapt the proof of the Hilbert basis theorem (Theorem 4.1 of the notes), replacing
leading coefficients by lowest-order coefficients. For a non-zero f = 5o ¢T" € R[[T]] write
ord(f) for the smallest ¢ with ¢; # 0, and set ord(0) = oc.

Let I C RJ[T]] be an ideal. For n > 0 define
Jn={a € R:3f €I of the form f =aT" + cn+1T”+1 + cn+2T"+2 +...}

As in the proof of Theorem 4.1, J, is an ideal of R (if a,a’ € J, come from f, " € I and
r € R, then a + @’ and ra come from f + f' and rf), and J, C J,41 since f € I implies
Tf € I. Since R is Noetherian, the chain Jy C Ji C ... stabilises: there is s with Js = Jg14
for all ¢ > 0. For each m < s write Jp, = (am1,...,amy,,) and choose f,, ; € I of the form
am,;T™ + (terms of order > m). Let I’ C I be the ideal generated by the finitely many fp, ;.
We claim that [ = I'.

Let f € I. First, we show that there is g € I’ with ord(f — g) > s. If ord(f) = m < s with
lowest coefficient a, then a € Jp,, so a =), bjam; with b; € R, and f — ). bjfm € I has order
> m. Repeating this at most s times gives the required g.



So it remains to show that every h € I with ord(h) > s lies in I’. In the polynomial case the
analogous step was an induction on the degree, which terminates. Here the order can only be
pushed up indefinitely, so we construct the coefficients of a solution step by step. Put hg = h.
Suppose h,, € I with ord(h,) > s+ n has been constructed, and let ¢, be its coefficient of T5".

(n) € R, and we set

Then ¢, € Jgypn = Js, S0 we can write ¢, =), bgn)as7i with b;
Ts
Tt = h — > 0T fyi €1,

=1

which has order > s +n + 1. Now define the power series g; = >_, bz(»n)T” € R[[T]] for
1 <1i¢<rs Forevery N >0 we have

Ts

b= gt = - 30 (X 8077 £
i=1

i=1 n>N

and both terms on the right have order > s + N 4+ 1. Hence every coefficient of h — EZ Gifsi
vanishes, that is, h = >, gifs; € I'. Therefore f = g+ (f —¢g) € I’, and I = I’ is finitely
generated. O

Problem 13. Let k be a field. For S C k[X1,...,X,] and U C k™ let V(S) C k™ and Z(U) C
kE[X1,...,Xy) be as in Lecture 5. Show that S; C So implies V(S2) C V(S1), and Uy C U,
implies T(Uz) C Z(Uy). Use the set U = {(0,i) : i € Z} C C? to show that it can happen that
U1 g U2 but I(Ul) = I(Ug).

Solution. Let x € V(S2), so f(z) =0 for all f € Sy. In particular f(z) =0 for all f € S; C Sq,
that is, x € V(S1). Similarly, let f € Z(Us), so f vanishes at every point of Us. In particular f
vanishes at every point of U; C Uy, that is, f € Z(Uy).

Now let Uy = U = {(0,4) : i € Z} and let Uy = V(X) = {(0,y) : y € C} be the Y-axis in C2.
Then Uy C Us, since for example (0, 3) € Uz \ Uy. We claim that Z(Uy) = Z(Us) = (X).

First, X vanishes on Us, so (X) C Z(Us), and Z(Uz) C Z(Uy) by the first part. It remains to
show that Z(U;) C (X). Let f € Z(Uy). Collecting the terms of f that involve X, we can write
f=Xg(X,Y)+ h(Y) with g € C[X,Y] and h(Y) = f(0,Y) € C[Y]. For every i € Z we have
0 = f(0,7) = h(i), so the one-variable polynomial h has infinitely many roots and must be 0.
Hence f = Xg € (X), as required.

Note that V(Z(U1)) = V(X) = Us: the Y-axis is the Zariski closure of the set U; of integer
points on it. ]

Problem 14. Let k be a field and let R C k[X,Y] be the set of polynomials f = a;; X'Y7
with ag; = 0 for all j > 0, that is, polynomials having no term of the form aYJ with j > 0.
Show that R is a subring of the Noetherian ring k[X,Y], but that R is not Noetherian.



Solution. A polynomial f € k[X,Y] lies in R if and only if f(0,Y) € k, that is, if and only
if £(0,Y) = f(0,0). Since f — f(0,Y) is a ring homomorphism k[X,Y] — Ek[Y], we have
(f£9)(0,Y)=f(0,Y)+£g(0,Y) and (fg)(0,Y) = f(0,Y)g(0,Y), so R is closed under addition,
subtraction and multiplication, and it contains 0 and 1. Hence R is a subring. Note that
R =k + Xk[X,Y], and that R is generated as a k-algebra by X, XY, XY?2, ..., since XY/ =
X=1. XY fori > 0.

To see that R is not Noetherian, consider the ideals

In = (X,XY,XY? ... XYN)CR, N > 0.
Clearly Iyp C I1 C I C ..., and we claim that each inclusion is strict, so that R does not satisfy
the ascending chain condition. Suppose that XY N1 ¢ Iy, say

N

§=0
with g; € R. Cancelling X, which is allowed since k[X,Y] is an integral domain, gives yN+L =
Z;VZO g;Y7, and setting X = 0 gives

YN+ = Zgjoy Y = Zgjoo
7=0

which is impossible since the right hand side has degree at most N. Hence XY N+l ¢ Iy

Thus a subring of a Noetherian ring need not be Noetherian. Note that the union |Jy In =
Xk[X,Y] is the kernel of the homomorphism R — k, f — f(0,0), so it is a maximal ideal of R
which is not finitely generated. O

Problem 15. Let I = (f1, f2) C k[X,Y] with fi = X3 —2XY and fo = X2V —2Y? + X, and
use the graded lexicographic order <gpje, with X > Y. Show that (LT (f1), LT(f2)) is strictly
contained in in(I), that is, (LT (f1), LT(f2)) € in(1).

Solution. With respect to <gjep we have LT'(f1) = X3 and LT(f2) = XY, the terms of highest
degree. Since fi1, fo € I, we have (X3, X2Y) C in(I). On the other hand,

Xfo—Yfi = (X% —2XY? + X?) — (XY - 2XY?) = X?

lies in I, so X2 = LT(X?) € in(I). But X? ¢ (X3, X2Y): by Lemma 4.4 of the notes, a
polynomial lies in a monomial ideal if and only if each of its terms is divisible by one of the
generating monomials, and X? is divisible by neither X3 nor X2Y. Hence (LT(f1), LT(f2)) C
in(I); in other words, {f1, f2} is not a Grébner basis of 1.

In fact, since X2 € I we also get XY = 3(X - X?—fi) e land Y2 — 1 X = 3(Y - X2 — fy) € ]
and conversely fi = X -X?—-2-XY and fo =Y - X2 —2(Y? — %X), S0

I=(X? XY, Y?-1X).



The S-polynomials of these three generators are 0, %X 3 and %X 2 each of which has remainder
0 on division by X2, so by Buchberger’s criterion this is a Grobner basis of I. Hence in(I) =
(X2, XY,Y?),C(I) = {1,X,Y}, and dimy, k[X,Y]/I = 3 by Theorem 4.8. O

Problem 16. Let f = X?Y + XY?+ Y2, fi = XY —1 and fo = Y% — 1 in k[X,Y]. Using the
lezicographic order with X >Y, divide f by fi1, fo and then by fa, f1.

Solution. The leading terms are LT(f) = X2Y, LT(f1) = XY and LT(f2) = Y2 We follow
the proof of Proposition 4.6: at each step we look at the leading term of the current polynomial,
subtract a multiple of the first divisor in the list whose leading term divides it, and if there is
no such divisor we move the leading term to the remainder.

Division by f1, fo. Since XY | X2Y, we subtract X f;:
f-XA=XY?’4+X+Y2
The leading term XY? is again divisible by XY, so we subtract Y f;:
XY? 4+ X4+Y2 -Yfi=X+Y?+Y.

The leading term X is divisible by neither XY nor Y2, so X goes to the remainder, leaving
Y2 +Y. Its leading term is divisible by Y2, and Y2 +Y — f, = Y + 1, neither of whose terms
is divisible by XY or Y2. Altogether

f= X+ i+ fot+r (X+Y +1),

with remainder r = X +Y + 1.

Division by fa, fi. Now Y2 { X2Y but XY | X2Y, so the first step is the same: f — X f; =
XY?+4+ X +Y?2. This time f, is the first divisor whose leading term divides XY 2, so we subtract
ng:

XY?2 4+ X4+Y? - Xfo=2X+Y2

The term 2X goes to the remainder, and Y2 — f, = 1 goes to the remainder as well. Altogether
f=X+D)fa+Xf1+(2X +1),

with remainder r = 2X + 1.

The two remainders are different, so the remainder depends on the order in which the divisors
are listed. By Theorem 4.8 this cannot happen for a Grobner basis, and indeed {fi, fo} is not
a Grobner basis of I = (f1, f2): the difference of the two remainders, (X +Y +1) — (2X +1) =
Y — X = X fy — Y fi1, lies in I, but its leading term —X is divisible by neither XY nor Y2. [J

Problem 17. Let I C k[X,Y, Z] be the ideal generated by Y — X? and Z — X3. (a) Determine
a Grébner basis of I for the lexicographic order with X <Y < Z. (b) Determine a Grobner
basis of I for the lexicographic order with X >Y > Z.



Solution. (a) For the lexicographic order with Z > Y > X, the generators g = Y — X2 and
g2 = Z — X3 have leading terms Y and Z. By Buchberger’s criterion (Theorem 4.11) it suffices
to check that S(g1, g2) has remainder 0 on division by g1, go. We have

S(g1.92) = Zg1 — Ygo = X°Y = X*Z,

whose leading term is —X2Z, since Z > Y. Subtracting —X?2g, gives X3Y — X°, and subtracting
X3g1 gives 0. Hence {Y — X2, Z — X3} is a Grobner basis of I, and it is reduced.

(b) For the lexicographic order with X > Y > Z we write the generators as g = X? — Y and
= X3~ Z, with leading terms X2 and X3, and run Buchberger’s algorithm. First, S(g1,g2) =

Xg1 — g2 = —XY + 7 is its own remainder on division by g1, g2, so we add g3 = XY — Z to the
generators. Since g = X g1 + g3, we may discard go. Next,

S(91,93) =Yg — Xgs = XZ — Y?
is its own remainder on division by g1, g3, so we add g4 = X Z—Y?2. Now S(g1,94) = Zg1— X g4 =
XY? —YZ =Ygz has remainder 0, but

S(g3,94) = Zgs —Yga=Y> = Z*

is its own remainder on division by g1, g3, g4, so we add g5 = Y3 — Z2. Finally, division with
remainder gives

S(g1,95) = —Y*=27% — Ygs,
S(g3,95) = ~Y?Z = Zga,
S(g4,gs):XZ3 Y = 2% — Y?gs,

all with remainder 0, and S(g1,93) = g4 and S(g3,94) = g5 now have remainder 0 as well. By
Buchberger’s criterion,

G={X?-Y, XY -Z XZ-Y? Y*-27%

is a Grobner basis of I for the lexicographic order with X > Y > Z; it is in fact the reduced
Grobner basis. The ideal I is the ideal of the twisted cubic curve t ~ (¢,¢2,3); compare
with the example in Lecture 8, where the same four polynomials form a Grébner basis for the
graded lexicographic order. Note that GNk[Y, Z] = {Y3 — Z2}, which by Problem 21 generates
INEk[Y,Z]: the projection (t,t2,t3) — (t2,3) of the twisted cubic to the (Y, Z)-plane lies on the
cuspidal cubic Y3 = Z2. O

Problem 18. For the lexicographic order with X >Y > Z > W, determine a Grébner basis of
the ideal

(3X —6Y — 27, 2X —4Y +4W, X —2Y — Z — W) C Q[X,Y, Z, W].

Compare the result with the reduced row echelon form (Gaussian elimination) of the system of
linear equations

3X -6Y —22=0
2X —4Y +4W =0
X=2Y -Z-W=0.
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Solution. Write hy = 3X — 6Y — 27, hg = 2X —4Y +4W, hs = X —2Y — Z — W and
I = (h1, ha, hs). All three leading terms are multiples of X, so the S-polynomials are

S(hl,hg) = hy; — 3hs = Z + 3W,

S(hg, hg) = hy — 2hg = 2Z + 6W,

S(h1,h) = $hy — Sho = —2Z — 2W.
None of these is divisible by X, so by Buchberger’s criterion {h1, ha, hg} is not a Grébner basis,

and we add go = Z 4+ 3W to the generators. Since h; = 3hs + g2 and hg = 2h3 + 292, we have
I = (hs3,g2), and replacing hs by hs + g2 we get I = (g1, ¢g2) with

g1 =X —=2Y +2W, go = Z + 3W.

It remains to check that S(g1,92) = Zg1 — Xg2 = —3XW — 2Y Z 4+ 2ZW has remainder 0 on
division by g1, g2. Its leading term —3XW is divisible by X, and S(g1, g2) + 3Wg1 = —2Y Z —
6YW +2ZW +6W?2. Continuing, —2Y Z —6Y W +2ZW +6W?24+-2Y gy = 2ZW +6W? = 2W go,
so the remainder is 0. Hence {X —2Y +2W, Z+43W} is a Grobner basis of I, and it is reduced.

The coefficient matrix of the linear system and its reduced row echelon form are

3 =6 -2 0 1 -2 0 2
2 -4 0 4 ~ lo o 1 3],
1 -2 -1 -1 0 0 00

and the non-zero rows of the latter are exactly the coefficient vectors of g; and go. This is not
a coincidence: for linear forms, the steps of Buchberger’s algorithm are row operations. The
S-polynomial of two linear forms with the same leading variable is a linear combination of the
two in which that variable has been eliminated, and reducing a linear form by linear forms
with other leading variables is back substitution. In general, the non-zero rows of the reduced
row echelon form of a system of linear forms give the reduced Grobner basis of the ideal they
generate, for the lexicographic order in which the variables are ordered as the columns. O

Problem 19. Suppose that V C k™ s a linear subspace, that is,

V= V({f] = Zaini 01 S] < m})
i=1
for some a;j € k. Show that dimy, V' = deg HP;(t), where I = (f1, fa,..., fm)-

Solution. Let A be the m x n matrix whose j-th row is the coeflicient vector (aij,...,an;) of
fj- Then V = {x € k" : Az = 0} is the kernel of A, so dimy V' = n —r by the rank-nullity
theorem, where r = rank(A).

Row operations on A replace fi,..., fi, by linear forms which span the same k-subspace of
kE[X1,...,X,], and hence generate the same ideal I. Bringing A into reduced row echelon form,
we therefore get I = (g1,...,g,) with

g9i = Xp, + > ba Xy, 1<i<m,
leF

11



where p; < ... < p, are the pivot columns and F' C {1,...,n} is the set of the remaining n —r
indices.

Let ¢ : k[X1,...,X,] — k[Xi,...,X,] be the k-algebra homomorphism with ¢(X,,) = ¢
for 1 < ¢ < r and ¢(X;) = X; for [ € F. It is an automorphism: its inverse is the k-
algebra homomorphism ¢ with ¥(X,,) = Xp, — > ,cpbuX; and ¥(X;) = X; for | € F, as
one checks on the variables. Both ¢ and v send each variable to a polynomial of degree < 1, so
both map k[X7,..., X,|<s into itself, and being mutually inverse they restrict to bijections of
E[Xi,...,Xn]<s. Let J = (Xp,,...,Xp,). Since ¢ is an automorphism sending the generators
of J to the generators of I, we have ¢(J) = I, and then ¢(J<s) C I<s and ¢ (I<s) C J<s, so
#(J<s) = I<s. Hence ¢ induces a k-linear isomorphism

K[X1,. .. Xnl<s/J<s — k[X1,..., Xnl<s/I<s,

and HFj(s) = HF(s) for all s.

Now J is a monomial ideal, so by Lemma 4.4 a polynomial lies in J if and only if each of its
terms is divisible by one of X, ,..., X}, . Hence J<, is spanned by the monomials of degree < s
which involve a pivot variable, and k[X1,..., X,]|<s/J<s has a basis given by the classes of the
monomials of degree < s in the n — r variables X;, [ € F'. As in Example (b) of Lecture 8, there

are (”;ijfs) of these, so

HFI(s):HFJ(S):<S+TL—7’> (S+1)(8+2)"'(8+n—r)

n—r ) (n—r)! ’
which is a polynomial in s of degree n — r. Therefore HPr(t) = (*I"") and deg HP;(t) =
n—r=dmgV.

Geometrically, ¢ corresponds to a linear change of coordinates on k™ in which V' becomes the
coordinate subspace {X,, = ... =X, = 0}. The argument used that ¢ preserves degrees. An
automorphism of k[X7, ..., X,] which does not, such as X; — X; + X2, X5 +— X, can change
the Hilbert function: it sends (X1), whose Hilbert function is s + 1, to (X7 + X2), whose Hilbert

function is 2s + 1. Alternatively, one can show that g1,..., g, form a Groébner basis of I for the
graded lexicographic order (compare Problem 18), so that in(I) = J, and deduce HF; = HF;
from Macaulay’s lemma. O

Problem 20. Let [ = (X?+Y +Z -1, X+Y?*+Z -1, X +Y + Z? — 1) be the ideal in
Cl[X,Y, Z]. Find a Grébner basis of I with respect to the lexicographic order with X >Y > Z,
and use it to determine V(I) explicitly.

Solution. Write fi = X2+ Y +Z —1, fo=X+Y?+Z—1and f3 =X +Y + Z? — 1, with
leading terms X2, X and X, and run Buchberger’s algorithm. First, S(f2, f3) = fo — f3 is its
own remainder on division by f1, fa, f3, so we add

G =Y?-Y-2°+7Z
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to the generators. Next, reducing S(f1, f3) = f1 — X f3 = - XY — X224+ X +Y + Z — 1 modulo
f2, f3, g2 gives the remainder
g3 =2YZ*+ 2" - 72,

and reducing S(g2,93) = Z%gs — %Ygg modulo g3 gives %94, where
gy =28 — 42 + 423 — 72,

Since fo = f3+ g2 and f1 = X f3 + S(f1, f3), the ideal I is generated by g1 = f3, g2, g3 and g4.
One checks that all remaining S-polynomials of g1, g2, g3, g4 have remainder 0; this is tedious by
hand and best left to a computer, for example

R = QQ[x,y,z, MonomialOrder => Lex];
I = ideal (x"2+y+z-1, x+y~2+z-1, x+y+z~2-1);
gens gb I

in Macaulay2. Hence
G={X+Y+22-1,Y>-Y-224+2 22>+ 2* -7, Z° —4z* + 42° - 7%}
is a Grobner basis of I for the lexicographic order with X >Y > Z.

The point of the lexicographic order is that G is triangular: g4 involves only Z, go and g3 involve
only Y and Z, and ¢; is linear in X. Since

=232 -1 Z2*+2Z2-1), Gp=Y-2)(Y+Z-1), g=22QY+2°>-1),

every point of V(I) has Z € {0,1,—1 + v/2,—1 — v/2}, and for each such Z we find Y from
g2 =g3=0and then X =1—-Y — Z2 from g; = 0. Since G generates I, the points obtained lie
in V(I).

e 7 =0: g3 = 0 holds automatically, go = 0 gives Y € {0,1}, and X = 1 — Y. This gives
the points (1,0,0) and (0, 1,0).

o 7 =1: g3 =0 gives Y = 0, which also satisfies go = 0, and X = 0. This gives the point
(0,0,1).

e Z=(with(®?+2(—1=0: g3 =0 gives Y = 3(1 — ¢?) = ¢, which also satisfies g» = 0,
and X =1 — ¢ — ¢ = (. This gives the points (¢, ¢, ¢) with ¢ = —1 £ /2.

Hence V(I) consists of the five points

(1,0,0), (0,1,0), (0,0,1), (=14+v2,-1+v2,-1+v2), (-1—-Vv2,-1-v2,-1-2).

It is instructive to compare |V(I)| = 5 with dim¢ C[X,Y, Z]/I. From G we read off in(I) =
(X,Y2,YZ2% ZO) for the lexicographic order, so C(I) consists of the 8 monomials

.Y, Z,YZ Z% 73, Z* Z°,
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and dimc C[X,Y, Z]/I = 8 by Theorem 4.8. Since this number does not depend on the mono-
mial order, we can use it to find the initial ideal for the graded lexicographic order without
further computation. The leading terms of fi, f2, f3 are now X2,Y?2 Z2, and the complement
of (X?2,Y?2,Z?) consists of the 8 monomials

1, X,Y, Z, XY, XZ,YZ, XYZ.

As (X% Y% Z?) C ingep(I) and a strictly larger monomial ideal would have a strictly smaller
complement, we get ingue,(f) = (X2,Y2,7Z2), so {f1, f2, f3} is a Grobner basis for <griex-
Macaulay’s lemma (Lecture 8) now gives the Hilbert function: HF(0) = 1, HF(1) = 4,
HF(2) =7and HF(s) =8 for s > 3, so HP(t) = 8. Counting instead the elements of degree
< s in the lexicographic complement would give 1,3,5,6,7,8,8,..., which is wrong: Macaulay’s
lemma needs a graded order.

Finally, here is why 5 # 8. The polynomial h = XY —YZ = Y (X — Z) vanishes at all five
points of V(I), and
W=(X-2)(X-2)fa+fs—fH)€el,

but h ¢ I: no term of h is divisible by X2, Y2 or Z2, so h is its own remainder on division by the
Grobner basis { f1, f2, f3}, and by Theorem 4.8 the remainder of an element of I is 0. Thus I is
not a radical ideal, and Z(V(I)) # I. One can show, using the Nullstellensatz (Lecture 9), that
if J is a radical ideal with V(J) finite then |V(J)| = dim¢c C[X1, ..., X,]/J. Indeed, Macaulay?2
tells us that

I == radical I
gens gb radical I

return false and the Grobner basis
VI=(Z+23 =322+ 2, 2YZ+ 23— Z, Y>-Y -2+ Z, X+Y + 7% - 1),

with initial ideal (X,Y?2,Y Z, Z%) and C(vT) = {1,Y, Z, Z%, Z3}, so that dimc C[X,Y, Z]/VI =
5=|v)|. O

Problem 21. Let I C k[X1,...,X,] be a non-zero ideal and G a Grobner basis of I with respect
to the lexicographic order with X1 > Xo > ... > X,,. Show that G N k[X41,...,X,] generates
the ideal I N k[Xj41,..., Xn] of k[ Xj41,..., Xy] for all0 <1 < n.

Solution. Fixland write G; = GNk[X;41,...,X,] and [; = INk[X )41, ..., X,]. The intersection
I; of the ideal I with the subring k[X;1, ..., X,,] is an ideal of that subring, and G; C Ij, so the
ideal (G)) generated by G; in k[X;41,...,X,] is contained in I;.

The key observation is that a non-zero g € k[X1,...,X,] whose leading monomial lies in
E[Xi41,...,Xp] lies in k[Xj1q,...,X,] itself. Indeed, let X* be a monomial in which some
X; with i <1 occurs, and let X? € k[X;;11,...,X,], so that 3; = ... = 8; = 0. Then the first

non-zero entry of a — 8 occurs at an index < [ and is positive, so X® >;., X?. Hence a term of
g involving one of X, ..., X; would be larger than LM (g), which is impossible.
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Now let f € I; be non-zero. We show that f € (G;) by induction on LM (f), which is legitimate
by Lemma 4.5. Since G is a Grébner basis, LT(f) € in(I) = (LT(g) : g € G), so by Lemma
4.4 there is g € G with LM(g) | LM (f). As LM (f) € k[Xi41,...,Xn], so is its divisor LM(g),
hence g € G; by the key observation. Put

_LT(f)
LT(g)

=1 -
Then f' € I and [’ € k[X41,...,X5,], so f' € I, and either f' = 0 or LM(f") < LM(f). By

induction f’ € (G)), and therefore f = f' + i?%jg?g € (Gy). This proves I} = (G)).

In fact the argument shows more: for every non-zero f € I; there is g € Gy with LM (g) | LM (f),
so Gy is a Grobner basis of I; for the lexicographic order on k[X;1, ..., X,]. This is what makes
the lexicographic order useful for solving systems of polynomial equations: in Problem 20, the
element g4 € GNC[Z] generates I NC[Z], and the elements of GNC[Y, Z] generate I NC[Y, Z],
which is why we could solve for Z first, then for Y and finally for X. O
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